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ABSTRACT

The text is designed for use in a 40 lecture introductory course covering linear algebra, multivariable
differential calculus, and an introduction to real analysis.

The core material of the book is arranged to allow for the main introductory material on linear
algebra, including basic vector space theory in Euclidean space and the initial theory of matrices and
linear systems, to be covered in the first 10 or 11 lectures, followed by a similar number of lectures
on basic multivariable analysis, including first theorems on differentiable functions on domains in
Euclidean space and a brief introduction to submanifolds. The book then concludes with further
essential linear algebra, including the theory of determinants, eigenvalues, and the spectral theorem
for real symmetric matrices, and further multivariable analysis, including the contraction mapping
principle and the inverse and implicit function theorems. There is also an appendix which provides
a 9 lecture introduction to real analysis. There are various ways in which the additional material in
the appendix could be integrated into a course—for example in the Stanford Mathematics honors
program, run as a 4 lecture per week program in the Autumn Quarter each year, the first 6 lectures
of the 9 lecture appendix are presented at the rate of one lecture a week in weeks 2—7 of the quarter,
with the remaining 3 lectures per week during those weeks being devoted to the main chapters of
the text.

It is hoped that the text would be suitable for a 1 quarter or 1 semester course for students who have
scored well in the BC Calculus advanced placement examination (or equivalent), particularly those
who are considering a possible major in mathematics.

The author has attempted to make the presentation rigorous and complete, with the clarity and
simplicity needed to make it accessible to an appropriately large group of students.
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Preface

The present text is designed for use in an introductory honors course. It is in fact a fairly faithful rep-
resentation of the material covered in the course “Math 51H—Honors Multivariable Mathematics”
taught during the 10 week Autumn quarter in the Stanford Mathematics Department, and typically
taken in the first year by those students who have scored well in the BC Calculus advanced placement
examination (or equivalent), many of whom are considering a possible major in mathematics.

The text is designed to be covered by 4 lectures per week (each of 50 minutes duration) in a 10 week
quarter, or by 3 lectures per week over a 13 week semester. In the Stanford program the material in
the Appendix (“Introductory lectures on real analysis”) is run parallel to the material of the main
text—the first 6 real analysis lectures are presented in doses of 1 lecture per week (Mondays are “real
analysis days” in the Stanford program) over a 6-week period, and during these weeks the remaining
3 lectures per week are devoted to the main text. A typical timetable based on this approach is to be
found at:
http://math.stanford.edu/"1ms/51h-timetable.htm

A serious effort has been made to ensure that the present text is rigorous and complete, but at the
same time that it has the clarity and simplicity needed to make it accessible to an appropriately large
group of students. For most students, regular (at least weekly) problem sets will be of paramount
importance in coming to grips with the material, and ideally these problem sets should involve a
mixture of questions which are closely integrated with the lectures and which are designed to help
in the assimilation the various concepts at a level which is at least one step removed from routine
application of standard definitions and theorems.

This text is dedicated to the many Stanford students who have taken the Honors Multivariable
Mathematics course in recent years. Their vitality and enthusiasm have been an inspiration.

Leon Simon
Stanford University
July 2008
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CHAPTER 1

Linear Algebra

1 VECTORS IN R”

R” will denote real Euclidean space of dimension n—that is, R” is the set of all ordered n-tuples
of real numbers, referred to as “points in R"” or “vectors in R"”—the two alternative terminologies
“points” and “vectors” will be used quite interchangeably, and we in no way distinguish between
them.! Depending on the context we may decide to write vectors (i.e., points) in R” as columns or

rows: in the latter case, R” would denote the set of all ordered n-tuples (xi, ..., x,) with x; € R
X1
X2
for each j = 1, ..., n. In the former case, R" would denote the set of all columns | . |.In this
Xn
case we often (for compactness of notation) write (x, ..., x,)T as an alternative notation for the
x| xr\"
X2 X2
columnvector | . |,and conversely | . | = (x1,...,x,).
Xn Xn

For the moment, we shall write our vectors (i.e., points) as rows. Thus, for the moment, points
x € R" will be written x = (x1, ..., x,). The real numbers x1, ..., x, are referred to as components
of the vector x. More specifically, x; is the j-th component of X.

To start with, there are two important operations involving vectors in R": we can (i) add them
according to the definition

L1 s x) sy = (v Xe )

and (ii) multiply a vector (x, ..., x,) in R" by a scalar (i.e., by a A € R) according to the definition
1.2 A1, oo, xn) = (Axq, ..., AXy) .

Using these two definitions we can prove the following more general property: If x = (x1, ..., xp),

y=01,...,y),and if A, u € R, then

1.3 AX +py = (AXy + (Y1, o s AXn + 1yn) -

INevertheless, from the intuitive point of view it is sometimes helpful to think geometrically of vectors as directed arrows; for
example, such a geometric interpretation is suggested in the discussion of /ine vectors below.
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Notice, in particular, that, using the definitions 1.1, 1.2, starting with any vector x = (x1, ..., X,)
we can write

n
1.4 gc:ij_ej,
j=l

where e is the vector with each component = 0 except for the j-th component which is equal to 1.
Thus, ey = (1,0,...,0),ep =(0,1,0,...,0),...,e, =(0,...,0,1). The vectors eq, ..., e, are
called standard basis vectors for R".

The definitions 1.1,1.2 are of course geometrically motivated—the definition of addition is motivated
by the desire to ensure that the triangle (or parallelogram) law of addition holds (we’ll discuss this
below after we introduce the notion of “line vector” joining two points of R") and the second is
motivated by the natural desire to ensure that Ax should be a vector in either the same or reverse
direction as x (according as A is positive or negative) and that it should have “length” equal to |A|
times the original length of x. To make sense of this latter requirement, we need to first define length
of a vector x = (x1, ..., x,) € R": motivated by? Pythagoras, it is natural to define the length of x
(also referred to as the distance of x from 0), denoted | x ||, by

L5 lxll =

—
There is also a notion of “line vector” AB from one point A = a = (ay, ..., a,) € R" to another
point B =0 = (by, ..., b,) defined by

—
1.6 AB=(by —ay,...,b, —a,) (=Db — a using the definition 1.3 ) .

—_
Notice, that geometrically, we may think of AB as a directed line segment (or arrow) with tail at

N
A and head at B, but mathematically, AB is nothing but b — g, i.e., the point with coordinates

(by —ai, ...,b, — a,). By definition, we then do have the triangle identity for addition:
— — —
1.7 AB+ BC = AC,

— —
because if A =a = (ay,...,ay),B=b=(by,...,b,),C=c=1(cy,...,cy) then AB+ BC =

—

b—-a)+(c—b)=c—a=AC.

2There is often confusion here in elementary texts, which are apt to claim, at least in the case n = 2, 3, that 1.5 is a consequence
of Pythagoras, i.e., that 1.5 is proved by using Pythagoras’ theorem; that is not the case—1.5 is a definition, motivated by the desire
to ensure that the Pythagorean theorem holds when we later give the appropriate definition of angle between vectors.
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2 DOT PRODUCT AND ANGLE BETWEEN VECTORS IN R”

Ifx = (x1,....x,) and y = (y1, ..., yn), we define the dot product of x and y, denoted by x - y,
byx-y= Z;’: 1 x;y;j- Notice that then the dot product has the properties:

(1) X-y=y-x
(i1) (mx +Ay)-z=ux-z+1y-z
(iif) x-x = x|

Using the above properties, we can check the identity

2.1 lx 4+ yI2 = x>+ Iv1* 4+ 2x - v
as follows:
lx +yI° =@+ &+ (by (iii))
=x-x+y-y+2x-y (by several applications of (i) and (ii))
= llxII* + Iyl* +2x - y (by (iii) again) .

In particular, with 7y in place of y (where t € R) we see that
2.2 Il + 1317 = 211 + 20 -y + l1x]”

Observe that if y # 0 this is a quadratic in the variable 7, and by using “completion of the square”
at> +2bt + ¢ = a(t + b/a)* + (ac — b*)/a (valid if a # 0), we see that 2.2 can be written as:

23 lx 4 exl? = 2@+ x - y/1y D> + Ay lPIx? = G- D/l

Observe that the right side here evidently takes its minimum value when, and only when, ¢ =
—x - y/|ly|l and the corresponding minimum value of [|x + ¢y is (||y[|*]lx]|> — (x - ¥)*)/lly] and
the corresponding value of x + y is the point x — [l y[|>(x - ¥)y. Thus,

2.4 lx 4+ 31 = Ay 1Pl = - )/l

with equality ifand only ift = —x - y/||y|l,in which case x + 1y = x — Iyl ~2(x - ¥)y. We can give
a geometric interpretation of 2.4 as follows.

Fory # 0, the straightline £ through x parallel to y is by definition the set of points {x + ¢y : t € R},
so 2.4 says geometrically that the pointx — ||y 72(x - y)y is the point of £ which has least distance
to the origin, and the least distance is equal to \/(||y||2||gc 12— (x-v)2)/IyI.

Observe that an important particular consequence of the above discussion is that [|y||?[|lx||* — (x -
.Y)z = 0) i.C.,

2.5 lx -yl <lxlllyl Vx yeR",
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and in the case y # 0 equality holds in 2.5 if and only if x = ||y["2(x - ¥)y. (We technically
proved 2.5 only in case y # 0, but observe that 2.5 is also true, and equality holds, when y = 0.)
The inequality 2.5 is known as the Cauchy-Schwarz inequality.

An important corollary of 2.5 is the following “triangle inequality” for vectors in R":
2.6 x,yeR" = Jlx +yll < lxl + 1yl -

This is proved as follows. By 2.1 and 2.5, [|x +yI2= x>+ IvI2+2x -y < x> + Iy|I* +
20lx |yl = (lx]l + llyII)? and then 2.6 follows by taking square roots.

Now we want to give the definition of the angle between two nonzero vectors x, y. As a preliminary
we recall that the function cos is a 2 -periodic function which has maximum value 1, attained
at @ = ki, k any even integer, and minimum value —1 attained at 6 = km with k any odd integer.
Also cos6 is strictly decreasing from 1 to —1 as 0 varies between 0 and . Thus, for each value
t € [—1, 1] there is a unique value of 6 € [0, ] (denoted arccos ) with cos = r. We will give a
proper definition of the function cos and discuss these properties in detail later (in Lecture 6 of
Appendix A), but for the moment we just assume them without further discussion. We are now ready
to give the formal definition of the angle between two nonzero vectors. So suppose x, y € R" \ {0}.
Then we define® the angle 6 between x, y by

2.7 0 = arccos(|lx|| " 'x - vl "y) .
Notice this makes sense because [|x || ~'x - [|y[| 7'y € [—1, 1] by the Cauchy-Schwarz inequality 2.5,

which says precisely that —[lx[|[ly[| < x -y < llx[lllx].
Observe that by definition we then have

2.8 x-y=lxllylcosd, x,yeR"\{0},
where 6 is the angle between x, y.

2.9 Definition: Two vectors x, y are said to be orthogonal if x - y = 0.

Observe that then the zero vector is orthogonal to every other vector, and, by 2.8, two nonzero
vectors x, y € R”" are orthogonal if and only if the angle between them is 77/2 (because cos = 0
with 0 € [0, 7] if and only if 0 = 77/2).

SECTION 2 EXERCISES

2.1 Explain why the following “proof” of the Cauchy-Schwarz inequality |x - y| < ||x|| ||y]l, where
x,y € R" is not valid:

3 Again, there is often confusion in elementary texts about what is a definition and what is a theorem. In the present treatment,
2.7 is a definition which relies only on the Cauchy-Schwarz inequality 2.5 (which ensures || x |1 Ily I~ 1x - y € [—1,1]) and the
fact that arccos is a well defined function on [—1, 1] (with values € [0, 7]). With this approach it becomes a theorem rather than
a definition that cos 6 is the ratio (length of the edge adjacent to the angle 0)/(length of hypotenuse) in a right triangle—see
problem 6.5 of real analysis Lecture 6 in the Appendix for further discussion.
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Proof: If either x or y is zero, then the inequality |x - y| < [lx]| ||| is trivially correct because both
sides are zero. If neither x nor y is zero, then as proved above x - y = ||x|| |||l cos €, where 6 is the
angle between x and y. Hence, |x - y| = [lx|| [lyll [ cos O] < [[x]l l¥]l-

Note: We shall give a detailed discussion of the function cos x later (in Lecture 6 of the Appendix); for the moment you should of
course assume that cosx is well defined and has its usual properties (e.g., it is 277 -periodic, has absolute value < 1 and takes each

value in [—1, 1] exactly once if we restrict x to the interval [0, 7], etc.). Thus, [ cos 8] < 1 (used in the last step above) is certainly
correct.

2.2 (a) The Cauchy-Schwarz inequality proved above guarantees |x - y| < [lx||/y||and hencex - y <
Ixlllyll for all x,y € R". If y # 0, prove that equality holds in the first inequality if and only if

x = Ay for some A € R and equality holds in the second inequality if and only if x = Ay for some
A= 0.

(b) By examining the proof of the triangle inequality ||x + y|| < |lx|| + |||l given above (recall that
proof began with the identity [lx + yIZ = Ix 1?2 + lIyl* + 2x - y), prove that eguality holds in the
triangle inequality <= either at least one of x, yisQorx,y # 0 and y = Ax with A > 0.

2.3 (Another proof of the Cauchy-Schwarz inequality) If a=(ai,...,a,),b=
(b1, ...,by) € R", prove the identity % Z?,j=l(aibj —ajb)? = |lal*Ib|* — (a - b)?, and
hence prove |a - b| < [lal||b]-

2.4 Using the dot product, prove, for any vectors x, y € R":
(2) The parallelogram law: [lx — y[I* + llx + y[I*> = 2(llx|I> + Iy [*).

(b) The law of cosines: [|lx — y[|> = [lx|I% + ¥ 1> = 2/lx]l |y |l cos 8, assuming x, y are nonzero
and 0 is the angle between x and y.

(c) Give a geometric interpretation of identities (a),(b) (i.e., describe what (a) is saying about the
. . —> —> —
parallelogram determined by x, y—i.e., OACB where OA = x, OB =y, OC = x + y, and what (b)
. . . . . —> —_—>
is saying about the triangle determined by x and y—i.e., OAB, where OA = x, OB = y).

3 SUBSPACES AND LINEAR DEPENDENCE OF VECTORS

We say that a subset V of R” is a subspace of R" (or more specifically a /inear subspace of R") if V
has the properties that it contains at least the zero vector 0 = (0, ..., 0), i.e.,

3.1 QeV
and if it is closed under addition and multiplication by scalars, i.e.,
3.2 x,yeVandi,ueR=>2Ax+puyeVv.

For example, the subset V' consisting of just the zero vector (i.e., V = {0}) is a subspace (usually
referred to as the #rivial subspace) and the subset V consisting of all vectors in R” (i.e., V =R") is a
subspace.
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To facilitate discussion of some less trivial examples we need to introduce some important termi-
nology, as follows: We first define #he span of a given collection vy, ..., vy of vectors in R”.

3.3 Definition:
span{vy, ..., vn} = {civ1 + v +---cyun ct, ..., oy € R}

An expression of the form c1v) + cov2 + - - - + eyvy (with ey, ..., ey € R) is a linear combination
of V1, ..., VN, and the linear combination is said to be nontrivial if not all the c1, ..., cy are zero.
Using this terminology the Def. 3.3 says that span{vy, ..., vy} is the set of all linear combinations
ofvi,...,vn.

We claim the following.
3.4 Lemma. For any given nonempty collection vy, ..., vy € R",span{vy, ..., vy} is a subspace of R".

Proof: Let V = spanfvy, ..., vy}. Notice that civy +--- +cyvy =0if ¢; =0V j=1,..., N,
hence 0 € V. Also,ifwi, wy € Vthenw; =cjvi +---+cyvyand wy =djvy +--- +dyvy for
suitable choices of ¢, d; € R,and so Aw1 + pwr = (Ac1 + pd)vi + -+ - + (Aey + pdy)vn € V.

One of the theorems we’ll prove later is that in fact any subspace V of R" can be expressed as the
span of a suitable collection of vectors vy, ..., vy € R".

We need one more piece of terminology.

3.5 Definition: Vectors v1, ..., vy are /inearly dependent (1.d.) if some nontrivial linear combina-
tion of vy, ..., vy is the zero vector, i.e., vy, ..., vy are linearly dependent if there are constants
i, ...,cyn notall zero such that cjv; +--- + cyvy = 0.

Notice that vy, ..., vy are Ld. if and only if one of the vectors vy, ..., vy can be expressed as a
linear combination of the others. That is:

3.6 Lemma. vy,...,vy are ld <<= 3je{l,...,N} and constants c;, i # j, with v; =
N

D itji= Cili-

Proof of =>: We are given c1, ..., cy not all zero such that ), c;v; = 0. Pick j such that ¢; # 0.

N —Ci
Proof of <=: Assume j € {l,..., N} and ¢;, i # j, are such that v; = Zf\;&j,i:] ¢ivi. Then
SN | civi = 0, where we define ¢; = —1.

SECTION 3 EXERCISES
3.1 Let vy, ..., vk be any set of vectors in R". Let v, ..., U; be obtained by applying any one of
the 3 “elementary operations” to vy, ..., Vg, where the 3 elementary operations are: (i) interchange

of any pair of vectors (i.e., (i) merely changes the ordering of the vectors); (ii) multiplication of one
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of the vectors by a nonzero scalar; (iii) replacing the i-th vector v; by the new vector v; = v; + uvj,
where i # j and p € R.) Prove that spanf{vy, ..., v} = span{v,, ..., 7. }.

4 GAUSSIAN ELIMINATION AND THE LINEAR
DEPENDENCE LEMMA

We begin with some remarks about linear systems of equations:

anxi+ apxa+ o+ aipx, =b

ayxi+  anxot+ -+ agxn =b
()

am X1+  amax2+ -+ AupXp = by,
where a;;, b; are given real constants and the unknowns x1, . .., x, are to be determined.
Terminology:
(1) Any choice x1, ..., x, which satisfies all m of the equations is called a solution of the system.
(2) The corresponding vector (x1, x2, - - - , x,) T is called a vector solution (or a solution vector) for
the system. (Here we use the notation that (x1, x2, -+ , xp )T denotes the column vector with j-th

entry x j; for reasons which will become apparent later, we always write solution vectors as column
vectors rather than row vectors.)

(3) The set of all possible solution vectors is called the solution set of the system.

There is a systematic procedure for solving (i.e., finding the solution set of) such linear systems,
known as Gaussian elimination. We'll discuss Gaussian elimination and its consequences in detail
later in this chapter, but for the moment we just need to describe the first step in the process.

The procedure is based on the (easily checked) observation that the set of solutions of the system ()
is unchanged under any one of the following 3 operations:

(i) interchanging any two of the equations;
(i) multiplying any one of the equations by a nonzero constant;

(iii) adding a multiple of one equation to another one of the equations, i.e., if we add a multiple of
the i-th equation to the j-th equation, where i # j.

We now consider the system (%), and the following alternatives.

Case 1: The coefficient a;1 of xj is zero for each i = 1, ..., m; thus in this case the system (x) has
the form
Ox;+ apxo+ -+ aipxn =b

Ox1+ apxo+ -+ ayuxy, =0b

Ox1+ amexo+ -+ aunXn =by




8 CHAPTER1. LINEARALGEBRA

(i.e., the unknown x| does not appear at all in any of the equations).

Case 2: At least one of the coefficients a;; # 0; then by operation (i) we may arrange that aj; # 0,
and by operation (ii) we may actually arrange that aj; = 1, so that the system () can be changed
to a new system having the same set of solutions as the original system and having the form

1 x1+ apxy+ -+ aipxp, =b
anxi+ axnxy+ -+ Gpxn =b
amix1+ amexo+ -4 Ampxn = by.

Now the operation (iii) allows us to subtract @y; times the first equation from the second equation,
a3 times the first equation from the third equation, and so on, thus giving a new system having the
same set of solutions as the original system and having the form

lxi+ apxot+ -+ Aipxp =by
Ox1+ anxo+ -+ @uxp, =b
Ox1+ ZZ\m2352+ et zl\mnxn =by

(ie., the x; unknown only appears in the first equation), where each Zj is a linear combination
of the original by, ..., b,; in particular, Bj =0 for each j =1, ..., m if all the original b; =0,
j=1,...,m.

This completes the first step of the Gaussian elimination process. Notice that this first step provides
us with a new system of equations which is equivalent to (i.e., has precisely the same solution set as)
the original system, and which either has the form

Oxi+ apx+ -+ aipxy, =b
)’ Oxi+ axxo+ -+ agxn =bh
*

Ox1+ amxo+ -+ @Gupxn =Dbp

(i.e., the x; unknown does not appear at all in any of the equations), or

lxj+ @pxt+ -+ diaxn =0b

B Ox1+ apxo+ -+ adnxy =b
(%)

Ox1+ am2x2+ R 2Imnxn =by

(ie., the x| unknown only appears in the first equation).

The system (%) is said to be homogeneous if all the b; =0, j = 1, ..., m; as we noted above, the
first step in the Gaussian elimination process gives a new system which is also homogeneous if the
original system is homogeneous.
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The following lemma refers to such a homogeneous system of linear equations, i.e., a system of m
equations in 7 unknowns thus:

anxi+ apx2+ -+ aipxp =0

anx1+  axnxy+ -+ apxp =0
(k)

Am1X1+  amexa+ -+ ampxp, =0.

Such a system is called “under-determined” if there are fewer equations than unknowns, i.e., if
m < n.

4.1“Under-determined systems lemma:” A under-determined homageneous system of linear equations
(i.e., a system as in (xx) above withm < n) always has a nontrivial solution.

Proof: The proof is based on induction on m. When m =1 the given system is just the single

equation

anxi +apxy + -+ apx, =0
with n > 2, and if aj; = 0 we see that x; = 1, x) = --- = x;,, = 0 is a nontrivial solution. On the
other hand, if aj; # 0 then we get a nontrivial solution by taking xp = 1, x; = —(a12/a11), and
x3 = --- = x, = 0. Thus, the lemma is true in the case m = 1.

So take m > 2 and, as an inductive hypothesis, assume that the theorem is true with m — 1 in place
of m, and that we are given the homogeneous system (%) with m < n. According to the above
discussion of Gaussian elimination we know that (%) has the same set of solutions as a system of
the form

anxi+ apxet+ o+ aipx, =0
0xi+ axxot+ -+ anpx, =0

(o)
0x1+ ZZ\m2352“‘ ce zl\mn/'cn =0,

where either @11 = 1 or 0, so it suffices to show that there is a nontrivial solution of (). The last
m — 1 equations here is an under-determined system of m — 1 equations in the n — 1 unknowns
X2, ..., Xp, so by the inductive hypothesis there is a nontrivial solution x2, ..., x,. If aj1 = 1 we
also solve the first equation by taking x; = —(@j2x2 + - - - + a1 pXn), so the proof is complete in the
case aj] = 1.

On the other hand, if @j; = 0 then we get a nontrivial solution of the system () by simply taking
x1=1landxy =--- =x, =0, so the proof is complete.

A very important corollary of the under-determined systems lemma is the following linear depen-
dence lemma.
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4.2 “Linear Dependence Lemma.” Suppose vi, va, ..., Vi are any vectors in R". Then any k + 1
vectors in span{vy, ..., Uk} are Ld.

4.3 Remark: An important special case of this is when k = n and v; = ¢, where ¢; is the j-th
standard basis vector as in 1.4. Since span{ey, ..., ¢,} = all of R” (by 1.4), in this case the above
Linear Dependence Lemma says simply that any n + 1 vectors in R" are linearly dependent.

Proof of the Linear Dependence Lemma: Let wy, ..., w41 € span{vy, ..., vi}. Theneachw; =
a linear combination of vy, ..., vk, so that
(D wj=ajvy +ajvr+ - +agjvg, j=1,...,k+1,

for suitable scalars a;;, i =1,...,k, j=1,...,k+ 1.

Now we want to prove that wi, ..., wi41 are L.d.; in other words, we want to prove that the system
of equations

) xiwr + -+ X1 Wik =0

has a nontrivial solution (i.e., we must show that we can find x1, ..., xx1| which are not all zero

and which satisfy the system (2)).
Substituting the given expressions (1) for the w; into (2), we see that (2) actually says

xi(anvy + - - +agvr) +x2(anvy + - -+ apvr) + -

s Xppr@ kv o+ arrr1ve) =0
that is,

(3) (xrai + -+ xpp1a1k41)01 + (X1a21 + - - -+ X125 41)V2 + - -
s (xrag 1 + xoag2 + -+ xpp1akk+1) vk =0

so it suffices to get a nontrivial solution of the homogeneous linear system

anxi+ apxet+ oo+ arp+1xk+1 =0
anxi+ anx2+ -+ a2k41xXk+1 =0
apx1+  awxo+ -+ arkixier =0
of k equations in the k + 1 unknowns xi, ..., xx41, and we can do this by the under-determined

systems Lem. 4.1, so the proof is complete.

SECTION 4 EXERCISES

4.1 Use the Linear Dependence Lemma to prove thatifk € {2, ..., n}, then k vectors vy, ..., vx €
R" arel.d. <= dimspan{vy, ..., v} <k — L.
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5 THE BASIS THEOREM

We now introduce the notion of sasis for a nontrivial subspace of R”. For this we first need the
appropriate definitions, as follows.

5.1 Definition: Vectors vy, ..., vy € R" are linearly independent (1.1.) if they are not linearly de-
pendent.

Thus, vy, ..., vn arel.i.ifandonlyifzyzlcjyj =0=c¢;=0vVj=1,...,N.

5.2 Definition: Let V be any nontrivial subspace of R". A basis for V is a collection of vectors

wi, ..., wy such that
(1) wi, ..., wq are Li, and
(i1) span{wi, ..., wy} = V.

Such a basis always exists:

5.3 Theorem (“The Basis Theorem.”) Suppose V is a nontrivial subspace of R". Then
(a) V bas a basis; and

(b) Ifuy, ..., uy areli. vectors in'V then there is a basis for V which contains uy, . .., ug; more precisely,
there 1s a basis v, ..., Vq for V withq > k andvj = uj foreach j =1, ..., k.

Proof of (a): Define
g =max{{ € {1,...,n}: Ali.vectors wy,...,we € V},

and choose Li. vectors vy, ..., v, € V. (Thus, roughly speaking, v1, ..., v, are chosen to give “a
maximum number of linearly independent vectors in V.”) We claim that such v1, ..., v, must span
V."To see thislet v be an arbitrary vector in V and consider the vectors v1, ..., vg, v.If g = nthisisa
setofn + 1vectorsinR” = spanfey, ..., e,} and so must bel.d. by the Linear Dependence Lem. 4.2.
On the other hand, if ¢ < n then ¢ +1 <n and so vy, ..., v,4, v must again be 1.d., otherwise
V1, ..., Vg, visasetof g + 1 € {1,...,n} i vectors in V contradicting the definition of ¢. Thus,
in either case (g = n, g < n), the vectors vy, ..., vy, v are Ld. Thus, cov + civ1 + - -+ c4vy =0
for some co, . .., ¢ not all zero. But of course then ¢y # 0 because otherwise this identity would tell
us that cjvy + -+ 4+ c4vg = 0 with not all ¢q, ..., ¢4 zero, contradicting the linear independence
of vi,...,vg. Thus, v = —cal (c1v1 + - - - + c4v4), which completes the proof.

Proof of (b): The proof of (b) is almost the same as the proof of (a), except that we start by defining

g =max{{ € {k,...,n}: Ali.vectorswy,...,wp €V
with w; =uj foreach j =1,...,k},
so that we can select Li. vectors v, ...,v, € V withv; = u; for j =1, ..., k. The remainder of
the proof is identical, word for word, with the proof of (a), and yields the conclusion that vy, ..., v,

span V,and hence vy, ..., v, are abasis for V withg > kandv; =u; foreach j =1, ... k.
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5.4 Theorem. Let V be a nontrivial subspace of R". Then every basis for V. has the same number of
vectors.

Proof: (Based on the “Linear Dependence Lemma” 4.2.) Otherwise, we would have two sets of

basis vectors v1, ..., vx and wi, ..., w, with ¢ > k. Then, in particular, V = span{vy, ..., v} =
span{wi, ..., wg} D {w1, ..., Wis1}; thatis, wi, ..., wryq are k + 1 linearly independent vectors
contained in spanf{vy, ..., vx} which contradicts the linear dependence lemma.

In view of the above result we can now define the notion of “dimension” of a subspace.

5.5 Definition: If V is a nontrivial subspace of R” then the dimension of V is the number of vectors
in a basis for V. The trivial subspace {0} is said to have dimension zero.

5.6 Remarks: Of course R” itself has dimension n, because ej, ..., ¢, (as in 1.4) are Li. and span
all of R%;i.e., €1, ..., e, is a basis of R"” (which we call the “standard basis for R"”; the vector ¢; is
called the “j-th standard basis vector”).

We now prove a third theorem, which is also, like Thm. 5.4 above, a consequence of the Linear
Dependence Lemma.

5.7 Theorem. Let V be a nontrivial subspace of R” of dimension k (so k < n because any n + 1 wvectors
in R" are [.d. by the Linear Dependence Lemmay). Then:

(a) any k vectors v1, ..., vk in'V which span V must be .i. (and hence form a basis for V ); and
(b) any k Li. vectors vy, ..., vk in V must span V (and hence form a basis for V).

Proof of (a): v, ..., vx Ld. means (by Lem. 3.6 of the present chapter) that some v; is a linear
combination of the remaining v; and hence for some j € {1, ..., k} we have

spanf{vi, ..., v }(= V) =spanfvi, ..., 01, V41, ..., Uk}
and so any basis of V consists of k Li. vectors in span{vi, ..., V1, V41, ..., Uk}, contradicting
the linear dependence lemma.
Proof of (b): Otherwise, there isavector v € V whichisnotinspan{vy, ..., vx}andsovy, ..., vk, v
are (k+ 1) Li. vectors (see Exercise 5.2 below) in the subspace V = span{wy, ..., wi}, where
Wi, ..., Wk is any basis for V, contradicting the linear dependence lemma.
SECTION 5 EXERCISES

5.1 Use the basis theorem to prove that if V, W are subspaces of R"” with V. C W and dimV =
dim W,then V = W.

521Ifvy, ..., vrareli.and v ¢ spanfvy, ..., v}, prove that vy, ..., vk, v are Li.
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6 MATRICES

We begin with some basic definitions.

6.1 Definitions: (i) An m X n real matrix A = (a;;) is an array of mn real numbers a;;, arranged in
m rows and n columns, with g;; denoting the entry in the i-th row and j-th column. Thus, the i-th
row is the vector

Pi = (a,-l, ,(l,‘n) (SO IOiT c Rn)

and the j-th column is the vector

aj = (alj,...,amj)T e R™.
(1) If A = (a;j) anm x n matrix as in (i) with columns a1, ..., @, € R" andifx = (x1, .. Lx)l e
R", we define the matrix product Ax to be the vector y = (y1, ..., yu)' € R with

n
Y=Y xa.
k=1

Equivalently,
n
Vi =Zaikxk, i=1,....,m,
k=1

which is also equivalent to
m n
y= 3 e
i=1 k=1

where ¢; is the i-th standard basis vector in R” as in 1.4. We note, in particular, that by taking the
special choice x = ¢; we see that this says exactly

m
Agj =thej—thcolumng(j = (alj,...,amj)Tz Zaijgi of A, j=1,...,n.

i=1

(i) More generally, if A = (a;;) is an m x n matrix and B = (b;;) is and n X p matrix, then AB
denotes the m x p matrix with j-th column AB (e R™), where B (€ R") is the j-th column of B;
thus

Jj-th column of AB = AB; where B; = the j-th column of B .

Equivalently,

n
AB = (cij), where ¢;; :Zaikbkj, i=1,....m, j=1,...,p.
k=1
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(iv) If A = (a;;) is an m x n matrix, then the franspose of A, denoted AT, is the n x m matrix with
entry a;; in the i-th row and j-th column. Notice that this notation is consistent with our previous
usage of the notation xT when x is a row or column vector: If we are writing vectors in R” as columns,
then xT denotes the row vector (i.e., | x n matrix) with the same entries as x and if we are writing
vectors in R as rows then xT denotes the column (i.e., n x 1 matrix) with the same entries as x.

Notice that

aj = j-th column of A = g? is the j-th row of AT
p; =i-throwof A = QiT is the i-th column of AT .

Notice that in a more formal sense an m x n matrix A can be thought of as a point in R, with
the agreement that the entries are ordered into rows and columns rather than a single row or single
column. From this point of view it is natural to define the sum of matrices, multiplication of a matrix
by a scalar, and the length (or “norm”) || Al of a matrix, as in the following.

Analogous to addition of vectors in R” we also add matrices component-wise; thus,if A = (a;;), B =
(bij) are m x n matrices then we define A 4+ B to the be m x n matrix with a;; + b;; in the i-th
row and j-th column. Thus,

6.2 (ajj) + (bij) = (aij + bjj) .

Note, however, that it does not make sense to add matrices of different sizes.

Again analogous to the corresponding operation for vectors in R”, fora givenm x n matrix A = (a;;)
and a given A € R we define

6.3 LA = (Aaij) ,
and for such an m x n matrix A = (a;;) we define the “length” or “norm” of A, ||A||, by

m n nom
6.4 lal= |33 a2 |= |D >4

i=1 j=1 j=1i=1I

Since after all this norm really is just the length of the vector with the nm entries a;;, we can then
use the usual properties of the norm of vectors in Euclidean space:

6.5 A+ Bl < A+ 1Bl [AAll = [AlIIA]l .

6.6 Remark: Observe that if A = (g;;) is m x n and x € R" then the matrix product of A times
x gives a vector Ax in R", provided we agree to write vectors in R" and R™ as columns. Indeed, if
X = (x1,...,xp) is a row vector of length n (i.e., a 1 x n matrix) with n > 2 then Ax makes no
sense. So we shall henceforth always assume we are writing vectors in R” as columns when we wish
to use the matrix product Ax of an m x n matrix A by a vector in R”.
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We also have the important inequality
6.7 |Ax|l < [|Allllx]l, Aanym x n matrixandx € R" .

Proof of 6.7: Since x = Z'}-=1 xjej we have Ax = Z?:l xjAej = Z'}-=1 xjoj, where a is the j-
th column of A (by (ii) above), and so, by the triangle inequality 2.6, || Ax| < Z?:l lxjllaill =y -
v,where y = (|x1], ..., [x.D", ¥ = (la1ll, ..., llen DT € R”, and hence by the Cauchy-Schwarz
inequality we have

[Ax] < NIyl

n
D el =[xl A]
j=1

as claimed.

One of the key reasons that matrices are important is that m x n matrices naturally represent linear
transformations R — R™ as follows.

Suppose T : R" — R™ is a linear transformation (i.e., T’ is a mapping from R” to R” such that
MuneR, x,y e R" = T(x + ny) = AT (x) + nT(y)). Then we can write x = Z?:l xje;and
use the linearity of T to give T'(x) = Z?:l x;T(ej). Thus, if we let A be the m x n matrix with
Jj-th column o ; = T'(e;)(€ R™) we then have by 6.1(ii) above that T (x) = Ax. That is:

6.8 T :R" — R™ linear = T (x) = Ax, where the j-th column of A = T'(¢;) .

SECTION 6 EXERCISES
6.1 Let 6 € [0, 27) and let T be the linear transformation of R? defined by T'(x) = Q(6)x, where

) .Prove thatifx = (

cos —sind 7 cos

Q(@)isthe2 x Zmatrix( > (withr > Oanda € [0, 27))

sinf  cos@ rsino
r cos(a + 0)

then T'(x) = <r sin(a + )

).With the aid of a sketch, give a geometric interpretation of this.

6.2 What is the matrix (in the sense described above) of the linear transformation 7 : R? — R2
which takes the point (x, y) to its “reflection in the line y = x,” i.e., the transformation T (x, y) =
0, x).

Caution: In this exercise points in R? are written as row vectors, but in order to represent 7 in terms
of matrix multiplication you should first rewrite everything in terms of column vectors.

7 RANKAND THE RANK-NULLITY THEOREM

Let A = (a;;) be an m x n matrix. We define the column space C(A) of A to be the subspace of
R™ spanned by the columns of A: thus, if &; = (a1, azj, . .., amj)T is the jth column of A, then

7.1 C(A) =span{ay, ..., an},
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which (by 3.4 of the present chapter) is a subspace of R™. The “null space” N(A) of A is defined to
be the set of all solutions x € R” of the homogeneous system Ax = 0:

7.2 N(A) = {x e R" : Ax = 0},

so that N(A) is a subspace of R".
The rank (or column rank) of A is defined to be the dimension of the column space C(A) of A; that
is, it is the dimension of the subspace of R” spanned by the columns of A.

The row rank of A is defined to be dimension of the subspace of R” spanned by the rows of A, in
case we agree to write all vectors in R” as row vectors. (Equivalently, it is the column rank, i.e., the
dimension of the column space, of AT)

One of the things we’ll prove later (in Thm. 8.5 below) is that #he row rank and the column rank are
equal. This is not intuitively obvious, but true nevertheless.

The nullity of A is defined to be the dimension of the null space N (A).

Let’s look at the extreme cases for N(A): (a) N(A) = {0} and (b) N(A) = R” (i.e., the case when
N (A) is trivial and the case when N (A) is the whole space R"). In case (a), we have that Ax = 0 has
only the trivial solution x = 0; but Ax = Z'}Zl Xjaj, so this just says Z'}Zl xjaj = 0 has only the
trivial solution x = 0. That is, (a) just says that the columns of A are Li., and hence are a basis for
C(A) and the column space C(A) has dimension n. In case (b), we have Ax = 0 for each x in R”,
which, in particular, means that Ae; = 0, which says that the j-th column of A is the zero vector
for each j,i.e., A = O (the zero matrix, with every entry = 0), and hence C(A) = {0} in this case.
Notice that in each of these two extreme cases we have dim C(A) + dim N(A) = n.

The rank/nullity theorem (below) says that this is in fact true in all cases, not just in the extreme
cases.

7.3 Rank/Nullity Theorem. Lez A be any m x n matrix. Then
dimC(A) +dimN(A) =n.

7.4 Remarks: (1) Notice this is correct in the extreme cases N(A) = {0} and N(A) = R" (as we
discussed above), so we only of have to give the proof in the nonextreme cases (i.e., when N (A) # {0}
and N (A) £ R").
(2) Recall that dim C(A) is called the “rank” of A (i.e., “rank(A)”) and dim N (A) the “nullity” of A
(i-e., “nullity(A)”); using this terminology the above theorem says

rank (A) + nullity (A) =n ,

hence the name “rank/nullity theorem.”

Proof of Rank/Nullity Theorem: By Rem. (1) above we can assume that N(A) # {0} and N(A) #
R”. In particular, since N(A) is nontrivial it has a basis uy, ..., ux. By the part (b) of the Basis
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Thm. 5.3 we can find a basis v1, ..., v, for all of R" with v; = u; for each j =1, ..., k, and of
course also k < n — 1 because N(A) # R". Now

C(A) = spanfay, ..., a,} where @1, ..., &, denote the columns of A
={xia1 + -+ x5 i X1, ..., X €R)
={Ax :x e R"}

= {A(Z?Zl cjvj)ici, ..., cn € R} (because spanfvy,...,v,} = R")
={Yj=icjAvj el ... cn €R}

= {Zl}=k+1 CjAV; 1 Cky1, ..., cp € R} (because Av; =0forj=1,...,k)
= span{Avi41, ..., Av,}.

Also, Avgyi, ..., Av, are Li.; check:
Yk €jAV; = 0= A q cjvj) =0
= Z?:k—t—l Ccjvj € N(A) = span{yl, - ,yk}
= Z?:k—{—l Cjvj = Zl;zl djyj for some dy, ..., dy
k

= 2 im1div — Yk ;=0

= Ck+1,--+>Cn>dl, ..., dy are all 0, because vy, ..., v, are Li.
Thus, Avgyg, ..., Av, are a basis for C(A), and hence dim C(A) = n — k = n — dim N(A).
SECTION 7 EXERCISES

7.1 (a) Use Gaussian elimination to show that the solution set of the homogeneous system Ax = 0
with matrix

1 2 3 4
1 4 3 2
A_2567
1 0 3 6

is a plane (i.e., the span of 2 Li. vectors), and find explicitly 2 Li. vectors whose span is the solution
space.

(b) Find the dimension of the column space of the above matrix (i.e., the dimension of the subspace
of R* which is spanned by the columns of the matrix).
Hint: Use the result of (a) and the rank nullity theorem.

721f A, B are any m x n matrices, prove that rank(A + B) < rank (A) + rank (B).

(rank (A) is the dimension of the column space of A, i.e., the dimension of the subspace of R”
spanned by the columns of A.)

73 (a) If A,B are, respectivelyy, m xn and n x p matrices, prove that rank AB <
min{rank A, rank B}.
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(b) Give an example in the case n =m = p = 2 to show that strict inequality may hold in the

inequality of (a).

7.4 Suppose vy, ..., v, arevectorsin R”, notall zero,andlet £ € {1, ..., n}be the maximum number

of linearly independent vectors which can be selected from vy, ..., v,. Select any 1 < j; < jo <
- < je <nsuchthatvj,...,vj, areLi Prove that v, ..., v}, is a basis for span{vy, ..., v,}.

(In particular, given a nonzero m x n matrix A with j-th column @, we can always select certain
of the columns &, .. ., @ j, to give a basis for C(A).)

8§  ORTHOGONAL COMPLEMENTS AND ORTHOGONAL
PROJECTION

Let V be a subspace of R". The “orthogonal complement” V- of V is defined to be the set of all
vectors x in R” such that x - v = 0 for each v € V. That is, V1 is the set of all vectors which are
orthogonal to each vector in V. Of course V= so defined is a subspace of R".

If V is the trivial subspace {0} we evidently have V1 = R”, whereas if V is nontrivial the Basis
Thm. 5.3(a) guarantees that we can choose a basis u1, . . ., ux for V and then by 5.3(b) (applied with
R™ in place of V) there is a basis v1, ..., v, for R” with v; = u; foreach j =1, ..., k. Itis then
very easy to check that V5Eis exactly characterized by saying that

reVt = uj-x=0foreach j=1,...,k.

The k equations here form a homogeneous system of k linear equations in the n unknowns x1, ..., x,,
so by the under-determined systems Lem. 4.1 it is a nontrivial subspace unless k = n, i.e., unless
V =R".

Our main initial results about V= are given in the following theorem.

8.1 Theorem. Let V be a subspace of R". Then the subspace v+t satisfies the following:

@) vinv ={0
(ii) V4+Vt=R"
(ii1) dimV +dim V' =n

(iv) (VhHt=v.

Remark: Notice that (i) says that V and V1 have only the zero vector in common, and (ii) says that
every vector in R” can be written as a the sum of a vector in V and a vector in v+,

Proof of (i): w € VN VL = w € V and w € V*. Thus, in particular, w - w = 0, i.e., [[w]? = 0,
re, w =0.

Proof of (ii): V + V' = {v+u:v e V,u € V*} and this is clearly a subspace of R". Call this
subspace W. Take any vector x € W+, so that x - (v +u) = 0 for each v € V and each u € V*.
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Taking u = 0, this implies x - v = 0 foreach v € V,sox € V-, and, taking v = 0, it implies x - u =
0 for eachu € V+.In particular, since x € V1, we must have x - x = 0. Thus, x = 0; that is, we have
shown that W+ is the trivial subspace, and, by the remarks preceding the statement of the theorem,
this can occur only if W = RR”, so (ii) is proved.

Proof of (iii): Notice that (iii) is trivially true if V is the trivial subspace (because then V+ = R"),
so we can assume V is nontrivial. Likewise, we can assume that V- is nontrivial, because, as we
pointed out in the discussion preceding the statement of the theorem, V+ trivial implies V = R”
and again (iii) holds. Thus, we can assume that both V and V< are nontrivial, and hence by the

basis theorem we can select a basis vy, ..., vx for V and a basis uy, ..., uy for VL. Of course
then by (ii) we have span{vy, ..., vk, u1, ..., us} = R" and we claim that vy, ..., vk, U1, ..., Us
are linearly independent. To check this, suppose that cjvy + - - - + cxvr + diug + -+ + doug = 0.
Then cjv1 + -+ + ckvg = —djuy — - - - — douy and the left side is in V while the right side is in
V+ so by (i) both sides must be zero. Thatis,cjvy + - - + cxvr = 0= dyu; + - - - + dguy and since
V1, ..., Vg are Li., this gives all the ¢; = 0, and similarly, since u1, ..., u¢ are 1i,, all the d; = 0.
Thus, we have proved that the vectors vy, ..., Vg, U1, ..., u¢ both span R” and are Li.; that is, they

are a basis for R”, and hence k + £ = n. That is, dim V + dim V+ = n, as claimed.

Proof of (iv): Observe that by definition of V* we have v - u = 0 foreach v € V and eachu € V4,
which, in particular, says that each v € V isin (V1)* (because it says that each v € V is orthogonal
to each vector in V1), so we have shown V c (V1)L.

By (iii) dim V+ = n — dim V. Also, V- is a subspace of R, so (iii) holds with V1 in place of V.
That is, dim(VH)+ =n —dimV+ =n — (n —dim V) = dim V.

Thatis, we have shown that V C (V1)+ and that V, (V1)1 have the same dimension. They therefore
must be equal. (Notice that here we use the following general principle: if V, W are subspaces of
R" and V C W then dim V = dim W implies V = W. This is an easy consequence of the Basis
Thm. 5.3—see Exercise 5.1 above.)

This completes the proof of Thm. 8.1.

8.2 Remark: 8.1(ii) tells us that we can write any vector x € R” as x = v+ u with v € V and
u € V. We claim that such v, u are unique. Indeed, if we could also write x =V +u withv € V
S

and % € V* thenwewould have x = v+ u =7 + i, hence v — 0 = o — u.

V and the right side is in V-, we would then have by 8.1(i) that v — ¥ = 0 = — u, i.e.,thaty =7
and u = U. So v, u are unique as claimed. For this reason the decomposition of 8.1(ii) is sometimes

ince the left side is in

referred to as a direct sum.

Using Thm. 8.1 we can prove that existence of a unique orthogonal projection of R" onto a given
subspace V, as follows.
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8.3 Theorem (Orthogonal Projection.) Given a subspace V.C R" there is a unique map Py : R" —
R"™ with the two properties

Py(x) eV VxeR'
x—Py(x) eVt Vx e R".
This map automatically has the additional properties
(1) Py : R" — R" is linear (i.e., Py (Ax + uy) = APy (x) + uPy(y)Vx,y € R")

(i) x- Py(y) = Py(x)-y¥x,y e R"
(i) Vx e R, lx = Py ()| < lx =YYy € V, with equality <= y = Py (x) .

8.4 Remark: The map Py is called zhe orthogonal projection of R" onto V. Notice that the properties
(1), (i1) tell us that Py is given by matrix multiplication by a symmetric matrix (p;;); thatis, Py (x) =
Z?J=1 pijxjei,where p;j = pj; foreachi, j = 1, ..., n,and property (iii) says that Py (x) is the
unique nearest point of V to x, as in the following schematic diagram depicting the case n = 3,
dimV =2.

Py(a)

(=}

Figure 1.1: The orthogonal projection Py onto a subspace V.

Proof of Theorem 8.3: Theorem 8.1(ii) implies that for any x € R” we can write x = v + u with
veVandu e V> and by Rem. 8.2 such v, u are unique. Thus, we can define Py (x) =v (€ V),
and then x — Py (x) = u (€ V). Using the Thm. 8.1(i) we can readily check that the claimed
uniqueness of Py the stated properties (i) and (ii) (see Exercise 8.2 below).

To prove (iii), observe that for any x € R" and y € V we have [|x — y||> = [[(x — Py (x)) — (v —
Pye)I? = llx — Py@I? + ly = Py@)II> +2(x — Py(x)) - (y — P(x)), and the last term is
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zero because x — Py(x) € V+ and y — Py(x) € V. That is, we have shown that ||x — y||> =
lx — Py II> + ly — Py ()|1> > [lx — Py (x)]|%, with equality if and only if y — Py (x) = 0, i.e.,
ifand only if y = Py (x).

The following theorem, which is based on Thm. 8.1 above and the Rank-Nullity Theorem, establishes

some important connections between column spaces and null spaces of a matrix A and its transpose
AT,

8.5 Theorem. Let A be an m x n matrix. Then

6] (C(A)* = N(A")
(ii) C(A) = (N(A")*
(iii) dim C(A) = dim C(A”) .
8.6 Remark: Notice that (iii) says that the row rank and the column rank are the same.
Proof of (i): Let «, ..., a, be the columns of A. Then
xe(CAY < x-a;=0Vj=1,....n
— ATx=0
— xeN(AD).

Proof of (ii): By (i) (C(A))* = N(AT) and hence (using (iv) of Thm. 8.1) C(A) = ((C(A) 1)+ =
(N(AT)*.

Proof of (iii): By the rank-nullity theorem (applied to the transpose matrix AT) we have
(1) dim C(AT) = m — dim N(AT) .

By part (iii) of Thm. 8.1 and by (i) above we have

) dim C(A) = m — dim(C(A))* = m — dim N(A") .

By (1),(2) we have dim C(A) = dim C (A7) as claimed.

SECTION 8 EXERCISES
8.1 (a) If V is a subspace of R” and if P is the orthogonal projection onto V, prove that I — P is
the orthogonal projection onto V-4 (I is the identity transformation, so (I — P)(x) = x — P(x)).

(b) If « € R" with ||o|| = 1 and if V = span{e}, find the matrix of the orthogonal projection onto
V and also the matrix of the orthogonal projection onto VL

8.2 If V and Py (x) are as in the first part of Thm. 8.3 above, prove that properties (i), (ii) hold as
claimed.

Hint: To check (i) note that Py(Ax + uy) — APy(x) — uPy(y) = —(Ax + ny — Py(Ax +
uy)) + A(x — Py(x)) + n(y — Py (y)) and use Thm. 8.1(i) and the stated properties of Py .
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9 ROW ECHELON FORM OF A MATRIX

Let A = (a;;j) be an m x n matrix. Recall that the “First Stage” (described in Sec. 4 above) of the
process of Gaussian elimination leads to 2 possible cases: either the first column is zero, or else there
is at least one nonzero entry in the first column, and using only the 3 elementary row operations we
produce a new matrix with all entries in the first column zero except for the first entry which we
can arrange to be 1. That is, Stage 1 of the process of Gaussian elimination produces a new matrix
A with the same null space as A (because elementary row operations leave the solution set of the
homogeneous system Ax = 0 unchanged) and A either has the form:

0 ap -+ amn
~ 0 ax -+ an
Case 1 A=
0 2im2 Tt Eimn
or
1 dp -+ dn
~ 0 axn - axp
Case 2 A=
0 Zim2 e a‘mn-

Now in Case 1 we can apply this whole first stage process again to the m x (n — 1) matrix

~ ~

a -+ din
—~ ap - azp
A=

Zim2 te a'mnv

while in Case 2 we can apply the whole first stage process again to the (m — 1) x (n — 1) matrix

axyp - axy

=)
Il

am2 -+ Amn
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Using mathematical induction on the number n of columns we can check that, in fact after at most
n repetitions of the process described above, we obtain a matrix of the following form:

coi. J1 coil. J2 coil’. Jj3 - coil’. jQ
0O --- 0 1 =% * ok ok k ok eee ok %
0 0 0 O 0 1 =« * ok ok ... k% e
0 00 0 00 0 0O 1 % -+ % % *x .- x (a)
0 0 0 0 0 00 0 0 1 =« *
0 0 0 0 00 0 00 0 0
: (b)
0 0 0 0 00 0 00 0 0 00 0

Schematic Diagram of the Row Echelon Form of A

where the first Q_rows (labeled (a) above) are nonzero, and each contains a pivoz, i.e., a 1 preceded
by an unbroken string of zeros, and each successive one of these rows has a strictly longer unbroken
string of zeros before the pivot; and the remaining rows (labeled (b) above), if there are any, are all
Zero.

Notice that mathematical induction does indeed provide a rigorous proof of this because the result is
trivially true forn = 1,and for n > 2 the inductive hypothesis that the result is true for matrices with
n — 1 columns would tell us that the matrix A above can be reduced to echelon form by elementary
row operations. By applying the same row operations to the matrix A we then get the required
echelon form for A.

Such a form (obtained from A by elementary row operations) is called a “row echelon form” for
the matrix A: Notice that there are a certain number Q_< min{m, n} of nonzero rows, each of
which consists of an unbroken string of zeros (“the leading zeros” of the row) followed by a 1
called the “leading 1” or “pivot,” and each successive nonzero row has strictly more leading zeros
than the previous. Correspondingly, the column numbers of the pivot columns (i.e., the columns
which contain the pivots) are ji, ..., jo,with 1 < jj < j» <--- < jq < n,as shown in the above
schematic diagram.

Of course by using further elementary row operations (subtracting the appropriate multiples of a
row containing a pivot from the rows above it) we can now eliminate all nonzero entries above the

pivot in each of the pivot columns, thus yielding a matrix called the “reduced row echelon form of
A” (abbreviated rref A):
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coi. J1 coil. J2 c0¢1. Jj3 e coi. jQ
0 0 1 = * 0 0 0
0 0 0 0 0 1 = * 0 0
0 0 0 0 0 0 O 0 1 0
©) :
0 0 0 000 --- 0 0 0 1 = *
0 0 0 0 0 0O --- 0 0 O 0 0 0
0 0 0 0 0 0 O 0 00 0 0 0 0

The Reduced Row Echelon Form (“rref A”) of A

Note: Such schematic diagrams are accurate and useful, but must be interpreted correctly; for
instance, if j; = I (i.e., if there is a pivot in the first column), then the first few zero columns shown
in the above diagrams are not present, and the reduced row echelon form of A (rrefA) would look
as follows:

COJI,' J1 coi. J2 co¢1. Jj3 e COJI,' ja

1 =% x 0 0 0

00 -~ 01 % -~ %0 0

00 --- 000 0 1 0
0 0 0 0 0 0 0 0 1 =« *
0 0 0 0 0 0 0 0 0

0 0 0 0 O 0 0 0 0 0 O 0

In the case when there is a pivot in every column (ie., Q =nand ji =1, o =2,..., j, =n),a

row echelon form of A would look like
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1 =%

1
0 0 0 1
0 0 0 0
o0 o0 ---0

and the reduced row echelon form of A (i.e., rref A) is:

100 --- 0
010 --- 0
(+%) 0 00 1
0 0 O 0
o0 o0 --- 0
That is, if there is a pivot in every column (Q=n and ji, ..., jo =1, ..., n, respectively) then the

reduced row echelon form of A has first n rows equal to the n x n identity matrix, and remaining

rows all zero.

Since Gaussian elimination (which uses only the 3 elementary row operations) does not change the

null space we have
N(A) = N(rrefA) ,

so to find N (A) we instead only need solve the simpler problem of finding N (rrefA).

Notice in case Q = 0 we have the trivial case A = O and N(A) = R"” and when QO =n we
have a pivot in every column and N(A) = N(rrefA) = {0}, so we assume from now on that
0 € {l,...,n— 1}, and we proceed to compute N (rrefA).

If we let b;; denote the element in the i-th row and j-th column of rrefA, then see that,
for i € {1,..., Q}, equation number i in the system rrefAx =0 is satisfied <= xj, =
— Zk;& oo xkbik, and of course the last m — Q equations are all trivially true for all x be-
cause the last m — Q rows of rrefA are zero. Thus, since for any vector x € R” we can write
x =Yoo xkek = L2 Xy + D ktji.....jo ¥kek, we see that

jkab,-k, i=1,...,0

.....

..........
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with xi arbitrary for k # ji, ..., jo. Thus,

N(A) = spanfex — X2 \birej  k # ji,..., jo}»

and the n — Q vectors on the right here are clearly L.i., so in fact we have dim N(A) =n — Q.

Observe also that rref A has the standard basis vectors e, ..., eg in columns number ji, ..., jo,
and all the other columns have their last m — Q entries = 0, so trivially the column space of rref A
is spanned by the Li. vectors e1,...,eq: if k # ji, ..., jo then the k-th column S of rrefA =
ZeQzl ceey for suitable constants cy, ..., cg. Since the j-th column of a matrix is obtained by
multiplying the matrix by the j-th standard basis vector ¢}, in terms of matrix multiplication this
says exactly rrefA(ex — ZeQ:1 ceej,) = 0—i.e., the vector e; — ZgQ:1 ceej, is in N (rrefA). Since
N (rrefA) = N(A) we must then have that e — ZeQ:1 ceej, is in N(A), or in other words, A(ex —
ZeQ=1 ceej,) = 0. Thatis,foreachk # ji, ..., jo,thek-th column oy of A is the linear combination
ZgQ=1 cet j,. Thus, we have proved that the column space C(A) of A is spanned by the columns
number ji, ..., jo of A (i.e., thecolumnse ,, ..., aj, of A,where ji, ..., jg are the numbers of the
pivot columns of rref A). We also claim thata,, ..., @, are Li,, because otherwise there are scalars
c1, ..., cg notall zero such that Z?Zl ce j, = 0 and this says exactly that the vector ZzQzl ceej, €
N(A) = N(rrefA), with ¢y, ..., cp notall zero, so that ZZQZI crep = rrefA(Z[Q:] ceej,) = 0with
c1, ..., cg notall zero,which is of course not true because e¢, £ =1, ..., Q,areli.vectors. Observe
that this part of the argument (that o, ..., &, are Li.) is also correct if Q = n; of course in this
case we must have j; = 1, jo = 2, ..., j, = n and the result is that all n columns of A are Li.

Thus, to summarize, we have proved that if the pivot columns of rrefA are column numbers
Jis---,jo (Q = 1), then the columns «,, ..., @j, are a basis for the column space of A. In
particular, Q (the number of nonzero rows in rref A) is equal to the dimension of C(A), the column
space of A. Since we already proved directly that dim(N(A)) = n — Q, we have thus given a second
proof of the rank/nullity theorem and at the same time we have shown how to explicitly find the
null space N(A) and the column space C(A).

SECTION 9 EXERCISES

9.1 Write down a single homogeneous linear equation with unknowns x1, x2, x3 such that the
1 1

solution set consists of the span of the 2 vectors | 2|, | —2

—1 0
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9.2 Use Gaussian elimination to show that the solution set of the homogeneous system Ax = 0 with

matrix
1 2 3 4
1 4 3 2
A= 2 5 6 7
1 0 3 6

is a plane (i.e., the span of 2 Li. vectors), and find explicitly 2 1.i. vectors whose span is the solution
space.

(b) Find the dimension of the column space of the above matrix (i.e., the dimension of the subspace
of R* which is spanned by the columns of the matrix).

Hint: Use the result of (a) and the rank nullity theorem.

9.3 Suppose

S W =

1
1
2
1

S = N =
S = = O
—_— N = =

-1
Find a basis for the null space N(A) and the column space C(A) of A.

10 INHOMOGENEOUS SYSTEMS

Notice that Gaussian elimination can also be used to solve inhomogeneous systems

10.1 Ax =b,

where A is m x n, b is a given vector in R™, and x is to be determined. First we have the following
lemma, which establishes that the set of all solutions of such an inhomogeneous system is either
empty or an affine space which is a translate of the null space N(A) of A.

10.2 Lemma. Suppose A ism x n andb € R™. Then:

(1) Jasolution x € R" of 10.1 <= b € C(A) (the column space of A);

(i1) if xo € R" is any solution of 10.1 then the complete set of solutions
x of 10.1 is the affine space xo + N (A).

10.3 Remark: If V is a subspace of R" and a € R”, then “the affine space through g parallel to V”
means the translate of V by the vector @; thatis,a + V (= {a@ + x : x € V}). With this terminology,
part (ii) of the above theorem says that the set of all solutions of 10.1 is the affine space through x¢
parallel to N (A), assuming that there is at least one solution x = x¢ of 10.1.

Proof 0f 10.2: Observe first that if o ; is the j-th column of A then by definition of matrix multipli-
cation 6.1(ii) we have Ax = Z?:] xjoj which means that the set of all vectors Ax corresponding
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[[=]

Figure 1.2: Schematic picture of the affine space a + V withn = 3,dim V = 2.

to x € R" is just the set of all linear combinations of the columns a1, ..., &y, i.e., the column space
of A. Hence, Ax = b has a solution if and only if b € C(A), so (i) is proved.

Suppose xo € R" with Axo = b and observe that then

Ax=b <= Ax —x0) +Axo=b <= Ax —x0) =0
< x—x0€N(A) < x€xo+ N,

so (ii) is also proved.

In practice, we can check if there is a solution x¢, and if so actually find the whole solution set,
by using Gaussian elimination as follows: We start with the m x (n + 1) “augmented matrix” A|b
which has columns ¢y, ..., «,, b and use the same elementary row operations which reduce A to
rref A, but apphed to the augmented matrix instead of A: this gives a new m x (n + 1) augmented
matrix rref A[b such that rref Ax = b has the same set of solutions as the original system Ax = b.
One can then directly check whether the new system rref Ax = b has a solution, and, if so, actually
find all the solutions xg + N (A).

SECTION 10 EXERCISES

10.1 Find a cubic polynomial ax? + bx? + cx + d whose graph passes through the 4 points (—1, 0),
(0, 1), (1, =2), (2, 5). Is this cubic polynomial the unique such?

10.2 For each of the inhomogeneous systems with the indicated augmented matrix A|b: (a) check
whether or not a solution exists, and (b) in case a solution exists find the set of all solutions (describe
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your solution in terms of an affine space xo 4+ V, giving x¢ and a basis for the subspace V in each

case):

©)

1 01 1 1|1
2 11 3 111
Alb = 1 1.2 0 2|2
00 1 -1 1]1
(i)
1 01 1 2|1
2 11 3 11
Ale = 112 0 22
001 -1 1]1
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CHAPTER 2

Analysis in R”

1 OPEN AND CLOSED SETS IN R”

We begin with the definition of open and closed sets in R”. In these definitions we use the notation
that for p > 0 and y € R” the open ball of radius p and center y (i.e., {x € R" : |x — y|| < p}) is
denoted B, (y).

1.1 Definition: A subset U C R" is open if for each a € U there is a p > 0 such that the ball
By(a) CU.

Observe that direct use of the above definition yields the following general facts:

e R" and ¢ (the empty set) are both open.

e If Uy, ..., Uy is any finite collection of open sets, then ﬂ?’:l U; is open (thus “the intersection of
finitely many open sets is again open”).

o If {Uy}aer (I any nonempty indexing set) is any collection of open sets, then Uyer Uy is open
(thus “the union of any collection of open sets is again open”).

In the definition of closed set we need the notion of Zimit point of a set C C R": a point y € R" is
said to be a limit point of a set C C R” if there is a sequence {x®) =12 with x® e C for each k
and limg— 00 % = y (Le., limp_ o0 [[x® — y|| = 0). For example, in the case n = 1 the point 0 is

a limit point of the open interval (0, 1), because {klﬁ}kzl,z is a sequence of points in (0, 1) with

yeee

limit zero. Notice that any point y € C is trivially a limit point of C, because it is the limit of the
constant sequence {x &, 1.2,... with x® =y for each k, hence it is always true that

C C {limit points of C} .

1.2 Definition: A subset C C R" is closed if C contains all its limit points.

There is a very important connection between open and closed sets.

1.3 Lemma. 4 set U C R" is open <= R" \ U is closed.

Before we give the proof, we point out an equivalent version of the same result.
1.4 Corollary. A set C C R" is closed <= R" \ C is open.

Proof of Corollary: Apply 1.3 to the case U = R" \ C; this works because U = R" \ C < C =
R\ U.
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Proof of 1.3 =>: Assume U is open and let y be a limit point of R” \ U.Ify € U then by definition
of open there is p > 0 such that B,(y) C U, so all points of R” \ U have distance at least p from y,
s0, in particular, y cannot be a limit point of R" \ U, contradicting the choice of y. Thus, we have
eliminated the possibility that y € U and hence y € R" \ U.

Proof of 1.3 <=: Take y € U. Then y is not a limit point of R" \ U (because R" \ U contains all
of its limit points) and we claim there must be some p > 0 such that B,(y) NR" \ U = ¢. Indeed,
otherwise we would have B,(y) NR" \ U # ¢ for every p > 0, and, in particular, B 1 (y) NIR™\
U #foreachk =1,2,...,soforeachk =1, 2, ... thereis apointgc(k) IS B% (y) NIR™\ U, hence

[x® —y| < % and y is a limit point of R" \ U, a contradiction. So in fact there is indeed a p > 0
such that B,(y) NR" \ U = §, or, in other words, B, (y) C U.

Notice that in view of the De Morgan Laws (see Exercise 1.5 below) that R" \ (UgerUy) =
Naer (R" \ Uy) and R" \ (NgerUy) = Uger (R" \ Uy) and the general properties of open sets men-
tioned above, we conclude the following general properties of closed sets:

e R" and ¥ are both closed.

e If Cy, ..., Cy is any finite collection of closed sets, then U?]:lC ; is closed (thus “the union of
finitely many closed sets is again closed”).

o If {Cy}aer (I' any nonempty indexing set) is any collection of closed sets then Nyer Cy is closed
(thus “the intersection of any collection of closed sets is again closed”).

SECTION 1 EXERCISES

1.1 Prove that {(x, y) e R?: y > x?} is an open set in R? which is not closed, and {(x, y) € R? :
y < x?} is closed but not open.

1.2 Let A C R", and define E C A to be relatively open in A if for each x € E there is § > 0 such
that Bs(x) NA C E.

Prove that E C A is relatively openin A <= 3 anopenset U C R" suchthat E=ANU.
1.3 Check the claim made above that Uy, ..., Uy open = ﬂj.vzl U; is open.

1.4 Give an example, in the case n = 1, to show that the result of the previous exercise does not
extend to the intersection of infinitely many open sets; thus, give an example of open sets Uy, Ua, . . .
in R such that ﬂ?‘;l U; is not open.

1.5 Prove the first De Morgan law mentioned above; that is, if {Aq }aer is any collection of subsets
of R”, then R" \ (Uger Aq) = Naer R \ Ag).

Hint: You have to prove R" \ (UyerAg) C Nger(R” \ Ay) and R" \ (UyerAe) D Nger (R \ Ag),
Le,x € R"\ (UgerAog) = x € Nger(R" \ Ag) and x € Nger(R" \ Ag) = x € R" \ (UgerAg).
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2 BOLZANO-WEIERSTRASS, LIMITS AND CONTINUITY
INR”

Here we shall write points in R” as rows: x = (x1, ..., Xp).
We first give the definition of convergence of a sequence {gc(k)}k=1,2,n_ of such points:

2.1 Definition: Given a sequence {J_C(k)}k:sz_ of points in R”", limg— oo x® =y means
lim o0 X% = ¥ = 0.

Notice that this makes sense, because {||x® — Vll}k=1.2.... is a sequence of real numbers, and we

are already familiar with the definition of convergence of such real sequences. In terms of &, N, the
Def. 2.1 actually says that limx® =y <= for each & > 0 there is N such that [x® — y|| < ¢

whenever k > N. In view of the inequalities

n

k . k

2.2 max{[x —yil =1 n) < xa® -y < >~y
j=1

it is very easy to check the following lemma (see Exercise 2.2 below).

2.3 Lemma. limx® =y withy = (y1,..., y,) < limx;.k) =y;Vj=1...,n

2.4 Remark: The real sequences {x](.k)}kzl,gw (for j =1,..., n) are referred to as the component
sequences corresponding to the vector sequence x® so with this terminology Lem. 2.3 says that the
vector sequence x® converges if and only if each of the component sequences converge, and in this
case the limit of the vector sequence is the point in R” with j-th component equal to the limit of
the j-th component sequence, j =1, ..., n.

Recall from Lecture 2 of the Appendix that every bounded sequence in R has a convergent subse-
quence. A similar theorem is true for sequences in R”.

2.5 Theorem (Bolzano-Weierstrass in R".) If {x (®)y k=1,2,... 15 a bounded sequence in R" (so that there
1s a constant R with ||)_c(k) | <RVYk=1,2,...), then there is a convergent subsequence {gc(kf)}jzl,zw.

Proof: As we mentioned above, this is already proved in Lecture 2 of the Appendix for the case
n = 1, and the general case follows from this and induction on n. The details are left as an exercise
(see Exercise 2.3 below).

Now suppose A is an arbitrary subset of R”, and let f : A — R”, where m > 1. We want to define
continuity of f at a point a € A. The definition which follows is similar to the the special case
discussed in Lecture 3 of the Appendix A—i.e. the special case when A is an interval in R and
m = 1.In the general case when A is any subset of R” and m > 1 the definition is in fact as follows:

Definition (i): f : A — R is continuous at the point a € A if for each ¢ > 0 there is § > 0 such
thatx € Bs(@) NA = || f(x) — f(a)] <e.
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(ii) f : A — R™ is said to be continuous if is continuous at every point a € A.

Analogous to the 1-variable theorem discussed in Lecture 3 of Appendix A, we have the following
theorem in R”.

2.6 Theorem. Suppose K C R" is compact (i.e., K is a closed bounded subset of R") and f : K — R is
continuous. Then [ attains its maximum and minimum values on K; that is, there are points a, b € K

with f(a) < f(x) < f(b)Vx € K.

Proof: The proof is almost identical to the proof of the corresponding 1-variable theorem given in
Lecture 3 of the Appendix, except that we use the Bolzano-Weierstrass theorem in R” rather than
in R. (See Exercise 2.4 below.)

We shall also need the concept of of limit of a function which is defined on a subset of R". So
suppose f : A — R™, where A C R” and m > 1. We shall define the notion of limit at any point
a € A which is not an isolated point of A—a point a € A is called an isolated point of A if there is
some 8o > 0 such that A N Bs,(a) = {a} (i.e., if there is some ball Bs,(a) such that g is the only
point of A which lies in the ball Bs,(a)). Thus a € A is nor an isolated point of A if and only if
AN (Bs(a) \ {a}) # ¥ for each § > 0.

2.7 Definition: Suppose A C R", f : A — R™,a € A, a not an isolated point of A, and y € R™.
Thenlim,_,, f(x) = y means thatforeach & > Othereisad > Osuchthatx € AN Bs(a) \ {a} =
Ifx) =yl <e.

2.8 Remark: With the notation of the above definition, notice that lim,_,, f(x) =y with y =
D1y ey ym) = limy, fjx)=y;Vji=1,...,m.

We leave the proof as an exercise (see Exercise 2.4 below), and we also leave the proofs of the standard
limit theorems in the following lemma as an exercise (see Exercise 2.4).

2.9 Lemma. Supposer, u € R, f, g : A — R",a € A, andlim, ., f(x) andlim,_., g(x) both exist.
Then:

@) Tim (0 f (x) + ng ) exists and = 3. lim f(x) +p lim g(x)
() m=1= lim(F@)gW) existsand = (lim £@)(lim g(x)

i)  m=1land lim gx) #0 = lim (f(x)/g(x))
xd 1 exists and = (lim f())/(lim g(x)) .

2.10 Remark: Suppose f : A — R™ and a € A. Observe that f is trivially continuous at a if a is
an isolated point of A, and if @ is not an isolated point of A then f is continuous at g if and only if
limy 4 f(x) = f(a) (meaning lim,_,, f(x) exists and is equal to f(a)).
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SECTION 2 EXERCISES
2.1 (Sandwich theorem.) Suppose A C R",a € A,y e R", f, g, h : A - R™ and lim, ,, g(x) =
limy 4 h(x) = y. Prove g(x) < f(x) <h(x)Vx € A= limy, f(x) =Y.

Note: Part of what you have to prove is that lim,_,, f(x) exists.
2.2 Give the proof of 2.2 above.

2.3 Using the Bolzano-Weierstrass theorem for real sequences (from Lecture 2 of Appendix A), give
the proof of Thm. 2.5 above.

Caution: An application of the theorem in the case n = 1 (Lecture 2 of Appendix A) tells us that
each component sequence {xj(.k) }k=1,2,... has a convergent subsequence, but you need to take account
of the fact that there may be a different subsequence corresponding to each j.

2.4 Give the proofs of Thm. 2.6, Rem. 2.8, and Lem. 2.9 above.

2.5 Suppose K isa compact (i.e., closed and bounded) subset of R” and let f : K — Rbe continuous.
Prove thatforeache > Othereisé > Osuchthatx,y e Kand |x —y|| <8 = |f(x) — f(¥)]| < &.

Hint: Otherwise there is ¢ = gy > 0 such that this fails for each § > 0, which means it fails for § = &
foreachk = 1,2, ..., which means that for each k there are points x4, yx € K with [[xx — yill < ¢

and | f(xk) — f(ve)| = €o.

3 DIFFERENTIABILITY IN R”

Recall first the definition of differentiability of a function f : (o, 8) — R of one variable: f is
differentiable at a point a € (e, B) if

31 fim L@ TP~ @
h—0 h

exists .

In this case, the limit is denoted f’(a) and is referred to as the derivative of f at a.

This definition does not extend well to functions of more than 1-variable because in the case of
functions f : U — R with U C R”" open and n > 2, difference quotients like w make
no sense (we cannot divide by the vector quantity k). We therefore need an alternative definition of
differentiability which makes sense for such functions and which is equivalent to the usual defini-
tion 3.1 of differentiability when n = 1. The key observation in this regard is that 3.1 (in the case
n=1when f:(a, ) > R and a € («, B)) is equivalent to the requirement that there is a real
number A such that

32 Tim 12171 f (@ + 1) = (f (@) + AR)| = 0.
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Notice that such A exists if and only if A = lim w, because

(@+h - f@)
h

B fa+ B = (F@) + Al) = | A

and hence

fla+h—f@ _
h

]}in%lh|_1|f(a+h)—(f(a)+Ah)|=0 = I}in% A.
So 3.2 is equivalent to 3.1 in case n = 1, but the point now is that 3.2 has a natural generalization
to the case when f : U — R™, where U C R" is open and m, n are arbitrary positive integers, as
follows.

3.3 Definition: If f : U — R” then we say that f is differentiable at ¢ € U if there is an m x n
matrix A such that
lim 117111/ (@ +8) = (f @) + AD)| = 0.

eh = Angle BAC

BC
Angle Oﬂ —0 (because B 0)

7}‘@ +h) - fla) - Dia)h

Dfia)h

r

Figure 2.1: Definition of differentiability,n =2, m = 1.

In case 3.3 holds, A is called the derivative matrix (or Jacobian matrix) of the function f at the point
a. It is unique if it exists at all, and we could fairly easily check that now, but in any case it will be a
by-product of the result of Thm. 4.3 in the next section, so we’ll leave the proof of uniqueness until
then.

The derivative matrix A of f at @, when it exists, is usually denoted Df (a).

As for functions of 1-variable we have the fact that differentiability = continuity. More precisely:
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3.4 Lemma. Suppose f : U — R™ with U open in R" and suppose a € U. Then differentiability of f
at a = continuity of [ ata.

Proof: Assume f is differentiable at @ € U. Pick p > 0 such that B,(a) C U, which we can do
because U is open. Then for 0 < ||| < p we have

If@+h — f@ll=If@+h) —(f(@+ Df(@h) — Df(a)h||
< If(@+h) —(f(a)+ Df (@Ml + |IDf (@)hl
< (k17" @ + h) = (f @) + Df@h) DIk + |Df @) 1]l

and limy, 0 |27 (£ (@ + k) — (f (@) + Df (@h) |, limp o [IA], limy 0 [| Df (@) [[[[2]| are all
zero, so, by Lem. 2.9, limy, ¢ || f(a + h) — f(a)|| = 0.0 + 0 = 0, which is the definition of conti-
nuity of f ata.

4 DIRECTIONAL DERIVATIVES, PARTIAL DERIVATIVES,
AND GRADIENT

Notice that if f : U — R™ with U open and if @ € U, we can find p > 0 such that B,(a) C U
and so, for any vector v € R”, f(a + tv) is a function of the real variable 7, and is well defined for
1] < |lvl~'p if v # 0 and is a constant function f(a + tv) = f(a) forallt € Rifv = 0.

4.1 Definition: The directional derivative of f at a by the vector v, denoted D, f (a), is defined by
Dy f(a) = lim h™" (f(a +hv) — f(@))
h—0

whenever the limit on the right exists. Observe that, since g(t) = f(a + tv) is a function of the real
variable ¢ for ¢ in some open interval containing 0, the Def. 4.1 just says that the directional derivative
Dy, f (a) is exactly the derivative g’(0) at # = 0 of the function g(¢) defined by g(¢) = f(a + tv).

4.2 Definition: In the special case v = ¢; (the j-th standard basis vector in R") the directional
derivative D, f(a) is usually denoted D; f(a) whenever it exists; thus

Djf(@) = lim h™' f(a+he;— f(@))

Dj f(a) so defined is called the j-th partial derivative of f at a. An alternative notation (sometimes
referred to as “classical notation”) is to write
af (x)

o, =D;f(x).

Notice that the simplest way of calculating D; f(x) is usually simply to take the derivative (as in
1-variable calculus) of the function f(x1, ..., x,) with respect to the single variable x ; while holding
all the other variables, x;, i # j, fixed. Thus, in general, it is not necessary to use the formal limit
definition of 4.2.
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There is an important connection between partial derivatives and the derivative matrix at points
where f is differentiable, given in the following theorem.

4.3 Theorem. If f : U — R™ with U open and if f is differentiable at a point a € U, then all the
partial derivatives of [ at a exist, and in fact the j-th column of the derivative matrix Df (a) is exactly
the j-th partial derivative D f(a), j = 1, ..., n. Furthermore, if [ is differentiable at a then all the
directional derivatives D, f(a) exist, and are given by the formula

D, f(a) = Df(a)v,

or equivalently,

n
Dyf(a)=Y v;iD,f(a).
Jj=1
4.4 Caution: The above says, in particular, that f differentiable at ¢ implies that all the partial
derivatives D; f(a), j =1, ..., n,and all the directional derivatives D, f(a) exist, but the converse
is false; that is, it may happen that all the directional derivatives (including the partial derivatives)
exist yet f still fails to be differentiable at a. (See Exercise 4.1 below.)

Proof of Theorem 4.3: Take p > 0 such that B,(a) C U and let A = Df(a). We are given
limp o A7 | f(a + h) — (f(a) + AR)|| = 0 so given & > 0 there is a § € (0, p) such that 0 <
Iall <8 = Ik~ f(@+h) — (f(a) + Ah)|| < & and taking, in particular, i = he; we see that
heRwith0 < [h] <5 = A"V f(@+ hej) — (f(@) +hAe)l <& <= [h~\(fa+he;)—
f(a)) — Aejl|l < e,which is precisely the &, § definition of lim hY(f(a + hej) — f(a)) = Aej,so
infact D; f (a) exists and equals the j-th column of Df (a).If v is any vectorin R" \ {0} andifh € R
with0 < k] < 8/[lv] then ||| f(@ + hv) — (f(a) + hAv)|| < &,and hence i~ (f(a + hv) —
f(@)) — Av| < & which, since & > 0 is arbitrary, says limj o h~'(f (a + hv) — f(a)) = Av; that
is Dy f(a) exists and is equal to Av = Df(a)v = Z?:l v;iD; f(a), since we already proved the
Jj-th column of Df (a) is D; f (a).

4.5 Definition: Let f : U — R with U open. The gradient of f at a point a € U is the vector
(D1 (@), ..., Duf(@)".

We claim that the gradient has geometric significance: If f is differentiable at @ it gives the direction
of the fastest rate of change of f when we start from the point a, and furthermore it’s magnitude
[V f(a)|l gives the actual rate of change. More precisely:

4.6 Lemma. Suppose f : U — R with U open, leta € U and assume that f is differentiable at a. Then
max{D, f(a) : v € R", |[v|| = 1} = [IVf (@), and for V f(a) # O the maximum is attained when
and only when v = |V f @) 'V f (a).

Proof: By Lem. 4.4 we have D, f(a) = Z'}Zl viD; f(a) =v -V f(a), and by the version of the
Cauchy-Schwarz inequality in Ch. 1, Exercise 2.2 we have for |[v|| = 1 that

)] v-Vf@ = |Vf@l
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and equality holds in this inequality if and only if V f(a) = Av with A > 0. But V f(a) = v
with A > 0 and |[vl| =1 = A =[[Vf(a)l, so if Vf(a) # 0 equality holds in (1) if and only if
v=|Vf@]| 'Vf(a),as claimed.

In view of the remarks in 4.4 above, we have the inconvenient fact that all the partial derivatives
of f might exist, yet f still not be differentiable. Fortunately, there is after all a criterion, involving
only the partial derivatives of f, which guarantees differentiability of f, as follows.

4.7 Theorem. Let [ : U — R" and assume that there is a ball B,(a) C U such that the partial
derivatives D f (x) exist at each point x € B,(a) and are continuous at a. Then f is differentiable at a.

4.8 Remark: In particular, if the partial derivatives D; f exist everywhere in U and are continuous
at each point of U (in this case we say that “f is a C! function on U”), then we can apply the above
theorem at every point of U, so f is differentiable at every point of U in this case.

Proof of Theorem 4.7: Observe that it suffices to prove the theorem in the case m = 1, because in
casem > 2wehave f(x) = (f1(x), ..., fn(x))" andwe can apply the case m = 1 to each individual
component f;, which evidently implies the required result. With m = 1 we have f real-valued and
for 0 < |h| < p we have

n

(1) fa+h —f@=) (fa+h") ~ f@+rI""),
j=1
where we use the notation hV) = Z{:l hiei for j=1,...,n and 7 = 0. Observe that then

hD =pU-D 4 hjej for j =1,...,n,and so in the difference f(a +hDy = fla+hU=D) =
fla+hnU=b 4 hjej) — f(a+ hU=DY we are varying only the j-th variable (i.e., a single vari-
able), so the Mean Value Theorem from 1-variable calculus implies f(a +2Y)) — f(a +hV=D) =
thjf(h(j*I) +0jhjej) for some 0 € (0, 1), whence (1) implies

fla+h) —fl@ =Y hiD;jfa+h""" +0;hje)),

j=1

and hence

fla+h) = f@—Df@h=>Y hj(Djfa+h"""+0;hje;) — D;f(@).
j=1
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and in particular, with Df = (D1 f, ..., D, f),

@ Nf@+h = f@—Df@hl =Y hj(D;f@+hV"" +06ihje;) = Djf@)]

j=1
n
<Y |njlIDjf@+h""" +6;hje)) = Djf@)]
j=1
< |k D IDjfl@a+h""" +0ihje) — Djf@)
j=I

where we used the triangle inequality (2.6 of Ch. 1) to go from the first line to the second.

Let ¢ > 0. Since D; f(x) is continuous at x = a, for each j = 1,...,n we have §; € (0, p) such
that
lkll <8; = IIDjfa+k) —Djf(all <e/n,
and hence with § = min{8, ..., §,} we have
3) Ikl <8 = ID; fa+k) — D;f@ll <e/nforeach j=1,...n.

Finally, observe that if [[2]] < & then [|hU=D + 0,k e;| = \/Z{;l h? +62h2 < ||k < 8, and
hence we can use (3) with k = hU—D + 6jhje; and so (2) implies

I f(a+h)— f(@) — Df(@)hl|l < ¢llh]l whenever O < [[h] <4,

thus proving that f is differentiable at a.

SECTION 4 EXERCISES

£ iy £0

0 ify=0.

(i) Prove that the directional derivative D, f(0, 0) (exists and) = O for each v € R2.
(ii) f is not continuous at (0, 0).

(iii) f 1s not differentiable at (0, 0).

4.1 Let f be the function on R? defined by f(x, y) = {

0l (g, xp) # (0, 0)
4.2 For the function f(x1, x2) = Vit
0 if (x1, x2) = (0, 0),

(i) Find the directional derivatives at (0, 0) (and show they all exist),
(ii) Show that the formula D, (0, 0) = 23:1 v;D; f(0, 0) fails for some vectors v € R?,

(iii) Hence, using (ii) together with the appropriate theorem, prove that f is not differentiable at
(0, 0).
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5 CHAIN RULE

The chain rule for functions of one variable says that the composite function g o f is differentiable at
a point x with derivative g’(f (x)) f'(x) provided both the derivatives f'(x) and g’(f (x)) exist. The
chain rule for functions of more than one variable is similar, and the proof is more or less identical,
except that the derivatives f’, ¢’ must be replaced by the relevant derivative matrices. The precise
theorem is as follows.

5.1 Theorem (Chain Rule.) Suppose U C R" and V. C R™ are gpenand f : U — V, g : V — R*
are given, and suppose that f is differentiable at a point x € U and that g is differentiable at the point
y = f(x) € V.Then g o f is differentiable at x and D(g o f)(x) = Dg(f(x))Df (x).

5.2Remark: Dg(f(x))Df (x) is the product of the £ x m matrix Dg(f (x)) times the m x n matrix
Df (x), which makes sense and gives an ¢ x n matrix, which is at least the correct size matrix to
possibly represent D(g o f)(x), because the composite g o f maps the set U C R" into R¢, so at
least the statement of the theorem makes sense.

Proof of the Chain Rule: Let ¢ € (0, 1) and take 89 > 0 such that Bs,(x) C U and Bs,(f(x)) C V.
Observe first that by differentiability of g at y = f(x) we can choose §; € (0, §o) such that

Iz =yl <61 =llgz) —g(y) = Dg)z =Y = elz — vl
and, on the other hand, by differentiability of f at x we can choose 8, € (0, §p) such that
Il <82 = |l f(x+h)— fx) = Df )| < ellhll
and, in particular,

2l <2 = Ifx+ 1) = fOI = If& + 1) = f(x) = Df(x)h + Df (x)h|
S IfG&x+h) = f&x) = Df @+ IDf )R]
< el + I1Df @ DA
= A+ IDF@IDIA < 81

if Al < (14 ||Df(gc)||)*181.So,inparticular,ifII[lII < min{(1 + | Df (x)|)~"81, 82} then we have
the two inequalities

If(x+h) = fx) = Df )] < e|lh]
lg(z) —g(¥) = Dg(¥)(z = Wl = (1 +[IDF @) IDIIA]
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with z= f(x+h), y= f@). So with z= f(x+h), y=f&x) we see ||h] < min{(l+
IDf))~181, 82} =

lg(z) —g(y) — Dg(y)Df (x)h]
=|lg(z) —g(y) — Dg(¥)(z —y) — DgW)(f(x +h) — f(x) — Df(x)h)]
< llg@ —g(¥) — DgW @z — NI + IDgW(f(x + h) — f(x) — Df (x)h)]
<lgi)—gQ@) —Dgz =N+ IDgWINf&x+h) — fx)—Df(x)A]
<elz—=yll+ellDgWI Al
<e(l+IDf@) + IDgWI)IIE] = Me|A]l

where M = 1+ || Df (x)|| + [|Dg(f (x))|l. That is we have proved that if we take § = min{(1 +
IDf(x))~'61, 82} then

Al <8 = llg(f(x +h) —g(fx) — Dg(f(x)Df(xX)h| < Mel|h]| .

Since we can repeat the whole argument with M “lein place of & we have thus shown that there is
ad > 0 such that

Al <8 = llg(f(x+h) —g(fx) — Dg(f(x)Df(x)h| <elhl .
That is, g o f is differentiable at x and D(g o f)(x) = Dg(f(x))Df (x).

SECTION 5 EXERCISES

5.1 Use the chain rule and any other theorems from the text that you need to show the following:
AIff:U— Vandg:V — RP are C', where U C R", V C R™ are open, then g o f is C! on
U.

() If f:R— Ris C' and g : R® — R is defined by g(x) = f(2x1 — x2 + 3x3), prove that g is
C! and show D1g(x) = —2D>g(x) = (2/3)D3g(x) at each point x = (x1, X2, X3) € R3.

(i) If o : R — R is C' and g(x) = ¢(||x|)) for x € R", then g is C! on R" \ {0} and D;g(x) =
T Ul for all x # 0.

(iv) If y : [0, 1] > R" is a C' curve and if f:R" - R is C! then foy is C' on [0, 1] and

(foy) @)=V @) y') =Dy u)y®)Vt €[0,1],where V f is the gradient of f (i.e.,
(Df)T) and D, f means the directional derivative of f by v.

6 HIGHER-ORDER PARTIAL DERIVATIVES

Recall that f : U — R™, with U C R" open, is said to be C! on U if all the partial derivatives D, f
exist and are continuous on U. Likewise f is said to be C? on U if each of the partial derivatives
D;j f is C', so in this case the second order partial derivatives D; D; f exist and are continuous. An
important general fact about such second order partials is that

6.1 D,'Djf=DjDifonU,providedfisC2 onU ;
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i.e., we claim that the order in which one computes the mixed partials is irrelevant. Of course then
ifk>2and f:U — R" is CF (meaning all partial derivatives D;, D;, - - - D;, f(x) exist and are
continuous for any choice of iy, ..., ix € {1,...,n}), then again the order in which the partial
derivatives are taken is irrelevant:

6.2 feC"= DyDi,-- Dy f(x) = D Djj, -+ Di, f(x)

whenever ji, ..., ji is a re-ordering (“a permutation”) of the integers 1, ..., k, which is an easy
consequence of 6.1 and induction on k, because for k > 3 we can write

DilDiz T lef(f) = DilDig T Dik_l(Dikf)(-lC) = Dil(Diz to Dik_lDikf)(-lc) .

A partial derivative D;, - - - Dj, f(x) as in 6.2 above is usually referred to as a partial derivative of f
of order k.

We will actually prove a result which is slightly more general than 6.1, as follows.

6.3 Theorem. Suppose [ : U — R™, where U is an open subset of R", suppose p > 0,a € U, By(a) C
U,i, je(l,...,n}, and suppose the second-order partial derivatives D; D f(x) and D;D; f (x) exist
at each point x of By(a) and are continuous at the point x = a. Then D; D f (a) = D;D; f (a).

Proof: Evidently, there is nothing to prove wheni = j, so we can assume i # j. Also, we can assume
m = 1, because otherwise we can first apply the case m = 1 of the theorem to each component f; of
f=C(fi,.--, fm)" and this then evidently implies the theorem as stated. So we assume that m = 1
(ie., that f is real-valued) and i # j.For h,k € (—p/2, p/2) we observe that the points a + he;,
a+kejanda + he; + ke; are all in B, (a) and so it makes sense to consider the “second difference”

fla+hei+kej) — fla+he) — fla+kep+ fla).
The expression here is called a second difference because it can be written
gjx(a+he) —gji(a) with jr(x) = f(x +kej) — f(x)

(i.e., it can be written as the “first difference of the first difference ¢;;” hence the name “second
difference”), and similarly it can also be written

Vin(a +ke;) — ¥in(a) with ¥ 5 (x) = f(x + he;) — f(x),
so in fact,
(D @jk(a+he) —gjr(a) = Yinla+kej) —yin(a .

Now only the i-th variable is being varied in the difference on the left of (1), so we can use the Mean
Value Theorem from 1-variable calculus in order to conclude that

@jk(a+he) —@jr(@) =hD;igj(a+ Ohe;) for some 6 € (0, 1),
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and of course by taking the partial derivative with respect to x; on each side of the identity ¢  (x) =
S +kej) — f(x), wesee that D;g;jx(x) = Di f(x + kej) — D; f(x). Hence,
@jka+he)) —j(a) =hD;f(a+06hei +kej) —hD; f(a+ Ohe;)

and on the right here is a difference in which only the j-th variable is being varied, hence we can
again use the Mean Value Theorem from 1-variable calculus to see that the expression on the right
can be written hkD; D; f (a + 6he; + nkej for some 1 € (0, 1). Thus, finally we have shown

() @jk(a+he)) —@jr(@) = hkD;D;f(a+ 60he; + nke;) for |h|, |k| < p/2 .

By a similar argument (starting with the right side of (1) instead of the left) we have

(3) Vin(a+kej) — yin(@) =khD;Djf(a + Ohe; + nke;) for ||, 1kl < p/2,

and for suitable 8, 7 € (0, 1). Thus, by (1), (2), (3) we see that

“ D;D; f(a+6he; +nke;) = D;D; f(a + Ohe; + fike;) for |h|, k| < p/2 .

Taking limits as Vh2+ k2 > 0and using the fact that D; D; f (x) and D; D; f (x) are both contin-

uous at x = a, we have D; D; f(a) = D;D; f (a) as claimed.

SECTION 6 EXERCISES

6.1 Suppose f, g : R — R are C? functions, and let F : R> — R be defined by F(x,y) = f(x +

y) 4+ g(x — y). Prove that F is C? on R? and satisfies the wave equation on R? (i.e., the equation
PFE_PE _ ()
9x2 ayz

6.2 Prove that the degree n polynomials u, v obtained by taking the real and imaginary parts of

2 2
(x + iy)" are harmonic (i.e., ZT[; + 3712’ = 0 on R? in both cases p = u, p = v).

Hint: Thus, (x +iy)" = u(x, y) + iv(x, y) where u, v are real-valued polynomials in the variables
x, y. Start by showing that g—z = g—; and % = —g—;.

7 THE SECOND DERIVATIVE TEST FOR EXTREMA OF A
MULTIVARIABLE FUNCTION

Here we want to discuss conditions on a C? function f : U — R, with U open in R", which are
sufficient to guarantee f has a local maximum or local minimum at a pointa € U. First we give the
precise definition of local maximum and local minimum.

7.1 Definition: Suppose f : U — R with U openand a € U. f is said to have a local maximum at
a if there is p > 0 with B,(a) C U and

fXx) = f@Vx e By(a)
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and the local maximum is said to be szricz if there is p > 0 such that B,(a) C U and
f@) < f@VxeBya)\{a}.

Likewise, f is said to have a local minimum at g if there is p > 0 with B,(a) C U and f(x) >
f(a)¥Y x € By(a) and the local minimum is said to be szricz if 3 p > 0 such that we have the strict

inequality f(x) > f(a)Vx € By(a) \ {a}.

Of course if f : U — R is differentiable with U C R” open, then V f(a) = 0 at any pointa € U
where f has a local maximum or minimum (because if f has a local maximum or minimum at a
then f(a + tej) clearly has a local maximum or minimum at ¢ = 0 and hence by 1-variable calculus
has zero derivative with respect to ¢ at t = 0, and the derivative at = 0 is by definition the ;’th
partial derivative D; f (a)).

Recall the second derivative test from single variable calculus that if f : (@, 8) — Ris C? (i.e., the
first and second derivatives of f exist and are continuous) then f has a strict local maximum at a
point a € (e, B) if f'(a) =0 and f"(a) < 0 and a strict local minimum at a point a € (e, ) if
f'(@) =0and f"(a) > 0.

Here we want to show that a similar statement holds for functions f : U — R, with U open in
R". In order to state the relevant theorem, we first need to make a brief discussion of the notion of
quadratic form.

A quadratic form on R” is an expression of the form

n

7.2 Q&) = Y qij&ikj, E=(1,.... &) eR",

i,j=1
where (g;;) is a given n x n real symmetric matrix. The quadratic form is said to be positive definite
if Q&) > 0VE e R"\ {0} and negative definite it Q(§) < 0VE € R™\ {0}.
Of course since a quadratic form is just a homogeneous degree 2 polynomial in the variables
&1,..., &, it is evidently continuous and hence by Thm. 2.6 of the present chapter attains its
maximum and minimum value on any closed bounded set in R”. In particular, the unit sphere §"~!
in R",
7.3 "l ={x e R 1 xll = 1),
is a closed bounded set, hence the restriction of the quadratic form to §”~!, Q|S"~!, therefore does
attain its maximum and minimum value. Let

7.4 m=minQ|S"", M =maxQ|S"!

and observe that for £ € R" \ {0} we canwrite £ = ||£||€,where £ = ||£]| '€ € $"~!,ands0 Q(£) =
I€12Q (), whence

1.5 ml|§)* < Q&) < MIEIP, VEeR",
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with m, M as in 7.4.

Notice, in particular, if Q is positive definite then the minimum m of Q[S"~! is positive, and so 7.5
guarantees

7.6 Q positive definite => Im > 0 such that Q(§) > mllég‘ll2 Ve e R",

and similarly,

7.7 Q negative definite = 3m > 0 such that Q(§) < —m||f§||2 VéEeR".

We are now ready to state the second derivative test for C? functions f : U — R, where U is open
in R". In this theorem, Hess s, (§) will denote the Hessian quadratic form of f at a, defined by

7.8 Hess;q(§) = Y DiD;f(@&), &= (£1,....&) eR".

i j=1

7.9 Theorem (Second derivative test for functions of » variables.) Suppose U is open in R”,
f:U— R is C2, anda € U. Then

f@) =f@+@—a)-Vf@+yHesspalx —a) + E@),
where limy 4 [|x — al| 2E(x) = 0.

In particular, f has a strict local maximum at a if V f(a) = 0 and Hess 7 4 (§) is negative definite, and
a strict local minimum at a if V f(a) = 0 and Hess 1,4 (§) is positive definite.

7.10 Terminology: If f : U — R is C! and U C R" is open, points @ € U with V f(a) = 0 are
usually referred to as critical points of f. Using this terminology, Thm. 7.9 says that if f is C? then
f has a strict local minimum at any critical point a € U where Hess 4 (§) is positive definite and
strict local maximum at any critical point a € U where Hess 7, (§) is negative definite.

Proof of 7.9: We begin with an identity from single variable calculus: If & : [0, 1] — R is C2, then
we have the identity

(1 Jo (1 =0Dh" (@) dt = h(1) — h(0) — h'(0) ,

which is proved using integration by parts. (See Exercise 7.3 below.) We apply (1) in the special
case when h(t) = f(a +t(x —a)), with x € B,(a). By the Chain Rule, A(?) is then indeed Cc?
on [0, 1Jand '(t) = (x —a) - Vf(a +t(x —a),h"(t) = 3} ;_ 1 (xi —a;)(x; —a;)D;i D f(a +
t(x —a)),so (1) gives

f@=f@+ & —a) - Vi@+Y! i i—a)j—aj) [y (1-0D;D; f(a +1(x —a)dt .

Since [y (1 —0)D;D; f(a+1(x —a))dt = [ (1 —)(D;D; f(a +1(x —a)) — D;D; f(a)) dt +
fol(l —t)dtD;D;j f(a) and fol(l —t)dt = 1, this can be rewritten

2 @) = f@+ @& —a) V(@) +5Hesssa(x —a)+ E(x),



7. SECOND DERIVATIVE TEST FOR EXTREMA OF MULTIVARIABLE FUNCTION 47
where E(x) = 37— ¢ij(X)(xi — a;)(xj — a;j) with

gijx) = [} (1 =) (D;Dj f(a +t(x —a) — D;D; f(a))dr .

Now observe that

3) 19:j@)| = | oy (1 = )(D; D f(a +t(x — a) — DiD; f(a)) d1|
< [i(L=0)ID;D; f(a +t(x —a) — DiD; f(a)|dt

andlete > Oandi, j € {1,...,n}.Since D; D; f(x) is continuous at x = a we then havea §;; > 0
such that x € Bs;;(a) = |D;D; f(x) — D;iDj f(a)| < e/n?. Let § = min{d;; : i, j € {1,...,n}}
and observe that x € Bs(a) = a +1t(x —a) € Bs(a)Vt € [0, 1], so then we have

x € Bs(a) = |DiDjf(a+1t(x —a)— DiD; f(a)| < &/n”foreachi, j=1,...,n
and each 7 € [0, 1]. Hence, using (3),
x € Bs(a) = 1qij@)| < Jy (1 —0)dte/n® = Le/n® < g/n?

and so

n
@ xeBs@=IEWI< Y |xi—aillx; —ajllgj )| <llx — al*n’e/n* = e|x —al* .
i,j=1

Notice that this is the &, § definition of limy ., |x — a |72E(x) = 0, so the first part of the lemma
is proved.

Now suppose that Hess ¢4 (£) is positive definite. Then by 7.6 there is m > 0 such that the term
I Hess 4 (x — a) in (2) satisfies

5) S Hessya(x —a) > mllx —a|? forallx € R"
and, on the other hand, by using (4) with ¢ = m /2 we have § > 0 such that
(6) x € Bs(a) = |[E@)| <m|x —al*/2 = E@) = —m|x —al*/2,
and so using (5) and (6) in (2) we sce that if V £ (a) = 0
x € Bs(a) = f(x) = f(a) +mllx —all*/2,

so f has a strict local minimum at a.

Applying the same argument with — f in place of f we deduce that f has a strict local maximum
ata if V f(a) = 0 and if Hess 74 (£) is negative definite.
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SECTION 7 EXERCISES

7.1 (a) We proved above that if U C R" is open, if f: U — R is C?, and if x¢ € U is a critical
point (i.e., V f(x9) = 0), then f has alocal minimum/maximum at x¢ if the Hessian quadratic form
Q) = Zf j=1 DiD; f(x0)&:&; is positive definite/negative definite, respectively. Prove that f has
neither a local maximum nor a local minimum at a critical point xo of f if Q (&) is indefinite (i.e., if
there are unit vectors &, n such that Q(§) > 0 and Q(n) < O.

(b) Find all local max/local min for the function f :R? — R given by f(x,y) = %()c3 +y3) —
x% —2y? — 3x + 3y, and justify your answer.

7.2 Suppose that f(x,y) = %(x3 +y3) — x2 — 2y% — 3x + 3y. Find the critical points (i.e., the
points where V f = 0) of f, and discuss whether f has a local maximum/minimum at these points.
(Justify any claims that you make by proof or by referring to the relevant theorem above.)

7.3 Prove the identity fol(l —t)h"'(t)dt = h(1) — h(0) — h’(0) used in the proof of Thm. 7.9,
assuming that h isa C 2 function on [0, 1].

Hint: Write fol (1 =0h"@)dt = fol(l — t)j—th/(t) dt, and use integration by parts.

8 CURVES IN R”

Bya CY curve in R" we mean a continuous map y : [a, b] — R", where a, b € R witha < b. Of
course one might think geometrically of the curve as the image y ([a, b]), but formally the curve is
in fact the map y : [a, b] — R".

By a C! curve in R” we shall mean a C! map y : [a, b] — R". We should clarify this, because to
date we have only considered functions which are C! on open sets, whereas here we take the domain
to be the closed interval [a, b]. In fact, by saying that y : [a, b] - R" is C ' we mean that: (i) the
derivative y'(t) = limp_o h~' (y (t + h) — y(¢)) exists for each t € (a, b); (i) the one-sided deriva-
tives y'(a) = limy o h ' (y (@ + h) — y(@)), y'(b) = limppo h ' (y (@ + h) — y(a)) exist; and (iii)
y/(1), so defined, is a continuous function of ¢ on the closed interval [a, b].

y'(t) is sometimes referred to as the welocity vector of y, because if ¢, 1 + h € [a, b], the quantity
y(t + h) — y(¢) is the change of position of y as ¢ changes fromt tot + h,so,ash — 0, 'y +
h) — y (1)) can be thought of as the (vector) rate of change of the point y (¢). If y'(r) # 0 we define

8.1 ) =y’ @1y @),

and we refer to 7(¢) as the unit tangent vector of the curve y. From the schematic diagram (depicting
the case n = 3) it is intuitively evident that indeed /() is tangent to the curve y (¢) if it is nonzero,

and hence that the terminology “unit tangent vector” is appropriate.

We can also discuss the length £(y) of a C 0 curve y as follows.
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o(a)

" 6(t+h)-o(t)

Figure 2.2: Schematic picture of definition of velocity vector n = 3.

First we introduce the notion of partition of the interval [a, b], meaning a finite collection P =
{to. ..., tn} of points of [a, b] witha =ty < t; < --- < ty = b. For such a partition P we define

N
Ly, Py=Y v —ya-nl-

j=1

Geometrically, £(y, P) is the length of the “polygonal approximation” to y obtained by taking the
union of the straight line segments y(t;_1) y (¢;) joining the points y(t;—1) and y (¢;), as in the
following schematic diagram, which depicts the case n = 3.

We say the curve has finite length if the set
8.2 {€(y,P) : P is a partition of [a, b]}

is bounded above. In case y has finite length we can define the length £(y) to be the least upper
bound of the set in 8.2:

8.3 £(y) = sup{€(y. P) : P is a partition of [a, b]} .

It is a straightforward exercise (Exercise 8.1 below) to check the additivity property thatif ¢ € (a, b)
then

8.4 £(y) = L(ylla, c]) + £(yllc, b)) .

49
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o(b) =o(ty)

o(a) = o(z,)
Figure 2.3: Schematic picture of polygonal approximation of y,n = 3.

The explicit formula for length of a C I curve given in the following theorem is important.

8.5 Theorem. Ify :la,b] — R" is C!, then y bhas finite length and in fact

b
£(y) :/ ly @l dt .

Proof: First observe by the fundamental theorem of calculus
]
y(;) —y(tj-1) = / y'(t)dr .
ti—1
Using the fact that || ftj_j_l y'(t)dt|| < zj-j_l lly/ ()| dt (see Exercise 8.3 below), we then have

Ij
ly () —y@i-Dll 5/ ly (o)l dr
t

i1

foreach j =1, ..., N, and hence by summing over j we have

N b
vy —yi-nl < f ly' @)l dt
j= ¢
so the collection of all sums

N
{Z ly() —y@j—Dll:to=a <t <--- <ty =bisa partition of [a, b]}
j=1
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has the integral fab ly/(2)|l dt as an upper bound so indeed y has finite length as claimed and

b
() ) 5/ Iy @Ol dt .

For t € [a, b] we define
S(r) = L(ylla, t])

so that S(a) = 0 and S(b) = £(y).Take t € [a, b) and h > O such that T + & € [a, b], and observe
that, by 8.4 with a, , T + h in place of a, c, b, respectively, we have

S(t +h) = S(t) + L(y|lr, T + hl)
SO
2 tyllr, T +h]) = St +h) = S(7),

but, on the other hand, by (1) and the definition of length we have
T+h
ly(x+h)—y@l SZ(V|[T7T+h])S/ ly' ()l dt
ie., by (2)

T+h T+h T
ly(@+h) —y @I =< S(T+h)—5(f)§/ ly ()l dl:/ IIV/(I)IIdt—/ ly' () dr

SO
T+h T
My +h) —y@I<h ' (S(t +h) — S(v)) < hl(/ ly ()| dt —/ ly (@)l dr) .

Notice the right side has limitas # | 0 equal to % f ar lly/(®)|l dt,which by the fundamental theorem
of calculus is ||y (7)||. So both the left and right side has limit as 4 | 0 equal to ||y '(7)|l, and hence
by the Sandwich Theorem (Exercise 2.1 of the present chapter) we deduce that for € [a, b)

. ~1 . _ ’
%’3}’ Sc+hn—=S)=Ily@l.

By a similar argument with 7 < 0 we also prove for t € (a, b]

. -1 _ _ /
%’%h Sc+hn)—=S)=Ily @l

Thus, we have shown s'(¢) exists and equals ||y ()| for every t € [a, b1} so by the fundamental
theorem of calculus and the fact that S(a) = 0 we have

b
S(b) =/ ly'®ldr .

LOf course we proved only the existence of the relevant 1-sided derivatives at the end-points a, b.
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Since, by definition S(b) = £(y), this completes the proof.

8.6 Remark: If y : [a, b] — R" is C!, then, as shown in the above proof, the function S(r) =
U(y|[a, t])isa C! functionon [a, b],and S’(t) = ||y'(¢)|| foreacht € [a, b]. Thus,if () # 0 then
S has positive derivative, hence is a strictly increasing function mapping [a, b] onto [0, £(y)], and
by 1-variable calculus the inverse function T : [0, £(y)] — [a, b] is C 1" and the derivative T'(s) =
(S'(#))~!, assuming the variables s, ¢ are related by s = S(¢) (or, equivalently, # = T'(s)). Notice that
then if we define ¥ =y o T, so y(t) = Y (s), assuming again that s, ¢ are related by s = S(z) or,
equivalently,# = T (s). The map ¥ is called the arc-length parametrization of y (because s = S(t) =
£(y|[a, t]1)). Notice that by the 1-variable calculus chain rule we have 7/(s) = ||y /()| 'y /(¢) and,
in particular, ||¥’(s)|| = 1. The reader should keep in mind that all of this is dependent on the
assumption that y is C! with /() # 0.

SECTION 8 EXERCISES

8.1 Let y : [a, b] — R" be an arbitrary continuous curve of finite length. Prove directly from the
definition of length (as the least upper bound of lengths of polygonal approximations, as in 8.3) that
if ¢ € (a, b) then

tylla, cl) + £ylle, bl) = £(y) -

Hint: Start by showing that if P, Q are partitions for [a,c] and [c, b], respectively, then
L(ylla, c]l, P) + L(yllc, b], Q) < £(y).

8.2Lety : [0, 1] — R?bethe C” curve defined by y (¢) = (¢, t sin %) ift € (0, 1Tand ¥ (0) = (0, 0).
Prove that y has infinite length.

Hint: One approach is to directly check that for each real K > 0 there is a partition P : fp = 0 <
n<ty<--<ty=1lsuchthat YN |yt -yl > K.

83 Let f =(f1,..., fu) :[a,b] = R" be continuous and as usual take fab f()dt to mean
([ fiydr, ..., [P fu) di) (e R?). Prove || [ f(t)dill < [7 1 ()] dt. Hint: First observe v -
fab fdt = faby - f(¢) dt for any fixed vector v € R".

8.4 Consider the “helix” in R? given by the curve y (t) = (a cos wt, a sin wt, bwt) for t € R, where
a, b, w are given positive constants.

(a) Show that the speed (i.e., [l "(#)||) is constant for t € R.

(b) Show that the velocity vector y ’(#) makes a constant nonzero angle with the z-axis.

(c) With 71 = 0 and 1, = 27 /w, show that there is no t € (t1, t2) such that y (t;) — y(2) = (t; —
n)y (7).

(Thus the Mean Value Theorem fails for vector-valued functions.)
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8.5 For the Helix y (t) = (a coswt, asinwt, bwt), where t € [0, 2w /w] and a, b, w > 0, prove that
the arc-length variable s = S(¢)(= £(y|[0, 7])) (as in Rem. 8.6 above) is a constant multiple of .
Also, find the length, unit tangent vector, and curvature vector ¥"/(s) for y.

8.6 Suppose y : [a,b] - R" isa C? curve with nonzero velocity vector y'. If Y (s) = y (¢), where
s is the arc-length parameter (i.e., s = S(t) = €(y|[a, t]) as in Rem. 8.6 above), prove that the
curvature vector kK = 5—3)7 '(s) at s is given in terms of the ¢-variable by the formula

k) =l O17 (1 = 1y 0172 Oy ©")r "0

Here I is the n x n identity matrix and we assume y () is written as a column; y (f)y ()T is matrix
multiplication of the n x 1 matrix y (¢) by the 1 x n matrix y(®T.

9 SUBMANIFOLDS OF R* AND TANGENTIAL
GRADIENTS

In this section it will be convenient to write vectors in R” as rows, x = (x1, ..., X;), and the reader
should keep in mind that then the gradient V f (x) of a C! function f : U — R will also be a row
vector Vf(x) = (D1 f(x), ..., Dy f(x)).

We first introduce the notion of k-dimensional graph in R", with k € {1, ..., n — 1}.

9.1 Definition: If g = (g1, ..., gu—i) : U = R* ¥ where U is open in RX the graph map corre-
sponding to g is the map G : U — R" defined by

Gx)=(x,gkx), xeU,

and the graph of g is defined to be G(U), i.e., {G(x) : x € U}. Notice that G is Clifgis C!and
in this case we can view the graph of g (i.e., G(U)) as a k-dimensional C ! surface sitting in R", as
represented in the following schematic diagram, which is actually representative of the special case
k=2,n=3.

9.2 Definition: A subset M C R” is a k-dimensional C! submanifold of R”" if for each a € M
there is a § > 0 such that M N Bs(a) is Pj, ... ;,(G(U)) where G(x) (as in 9.1) is the graph map
(x, g(x)) ofa C! function g : U — R" ¥ with U open in R¥ and Pj,
Pi (X1, oo x) = (Xj, ..., xj,),with j1, ..., j, apermutation (i.e.,are-ordering) of 1, ..., n.

.....

jn is the permutation map

This definition sounds at first a little abstract, but it is really just saying that if @ € M then, in a
suitably small ball Bs(a), we can re-label the coordinates (using x; as the new i-th coordinate for
i =1,...,n) in such a way that M N Bs(a) becomes the graph of a C' function as in 9.1.

Figure 2.5 gives a schematic picture of what is going on in the case k = 1,n = 2.
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G(U) = graph g

G) = (x, gx))

.

I~ — — - — — — —

Figure 2.4: Schematic picture of a C! graph in case k = 2, n = 3.

Next we define the notion of tangent space T, M of the C! manifold M at a € M, as follows.

9.3 Definition: If M is a k-dimensional C! submanifold of R” and @ € M then the tangent space
of M ata, T, M, is defined by

.M = {y'0):y isaC! map [0, ) > R" witha > 0, ([0, @)) C M,y(0) =a} .

Thus, in fact T, M is the set of all initial velocity vectors of C ! curves y (¢) which are contained in
M and which start from the given point g at t = 0. We claim that 7,, M is a k-dimensional subspace
of R".

9.4 Lemma. If M is a k-dimensional C 1 submanifold of R" and if a € M, then the tangent space Ty M
is a k-dimensional subspace of R".

9.5 Remark A schematic picture representing the situation described in the above lemma, in the
case k = 2 and n = 3, is given in Figure 2.6.

Proof of 9.4: Since it is merely a matter of relabeling the coordinates, we can suppose without loss of
generality that the permutation ji, ..., j, needed in the Def. 9.2 is in fact the identity permutation
(ie, ji =iforeachi = 1,...,n),and hence there is § > 0 such that

M N Bs(a) = graphg ,
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X

For the point @; € M can use 9.2
witha=a,8=39,j,=1,j,=2,
whereas for the point @, can use
9.2witha=a,,8=29,,j,=2,j,=1.

Figure 2.5: Schematic picture of a C! manifold M in case k = 1,n = 2.

where g : U — R" % is C! and U is open in RX. If v € T, M then by definition of T, M there
isa C! curve y : [0, @) = R”* (a > 0) with ([0, )) C M, y(0) = a and y’(0) = v. Since y is
continuous we have p > Osuch that 0 <f < p = y(t) € M N Bs(a),andso 0 <t < p =

D y(@®) =Go(@),

where G is the graph map as in 9.1 and o (r) = (y1 (1), ..., y(?)) (i.e., o (r) is the vector in Rk
obtained by taking first k components of y (7)), so that o () : [0, p) — R* is C! with o (0) = ay,
where ag = (ai, ..., ar) (i.e., ag is the vector in R¥ obtained by taking the first kK components of
a). By applying the chain rule to the composite on the right of (1) we then have

n
) v=y'(0)=)_y;D;jG(ao),
=1
where (y1, ..., yp) = o’(0) € RF, thus showing, since v € T, M was arbitrary, that
(3) TyM C span{DG(ao), ..., DkG(ao)} .

We can also prove the reverse inclusion

“ span{D1G (ao), - .., DrG(ao)} C Ty M ,
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a+T M
a

Notice that the tangent space in general
does not pass through the point a; whereas
the affine space a+ TM={a+v:ve T M}
(i.e., the translate of the subspace T,M by
the vector @) does pass through a. -

a

Figure 2.6: The tangent space T,M of M.

Notice that the tangent space in general does not pass through the point a; whereas the affine space
a+T,M={a+v:veT,M}(iec.,the translate of the subspace T, M by the vector a) does pass through
a.

because if y € R¥ we can take p > 0 such that B, (ap) C U (because U is open), and hence for any
o > 0 with a||y|| < p we have y (1) = G(ag +ty) is C! for |t] < &, y((—a,&)) C M, y(0) =a
and again (2) holds by the chain rule. Since yi, ..., yx were arbitrary, this does prove the reverse
inclusion (4). Thus, in fact (by (3),(4)) we have proved

®) Ty M = span{D1G(ao), - .., DkG(ao)} .
Also, D1G(ay), ..., DyG(ayp) are 1.i.; indeed,
Gx) =, g&) = DjGkx) =(¢j, Djgx)), j=1.....k,
which are clearly Li. vectors. This completes the proof that 7, M is a k-dimensional subspace of R".

9.5 Remark: Part of the above proof (in fact the proof of inclusion (4)) shows that for anya € M and
foranyy € R¥we canfind y : (—a, &) — R” (i.e.,y is C! on the whole interval (—a, o) rather than
juston [0, @) witha > 0,y ((—er, @)) C M,y (0) =aand y'(0) = Z’;Zl v;DjG(ap). Notice also
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that for any v € T, M we can choose these yi, ..., yx such that the Zl;zl yiD;G(ap) = v (by (5)
in the above proof), i.e., y can be selected so that y'(0) = v.

Givena C! map f : U — R,where U is an open subset of R" with U D M, we define the tangential
gradient relative to M of f, denoted Vy f, (also referred to as the “gradient of f|M”) by

9.6 Vufa) = Pr,mu(Vrn f(@), aeM,

where Pr, y : R" — R” is the orthogonal projection onto the tangent space T, M (as in 8.3 of Ch. 1
with V = T, M). Recall that by 8.3 of Ch. 1 in fact the definition 9.6 simply says that Vj f (@) is
the T, M-component v in the decomposition Vrn f(a) = v+ u withv € T,M and u € (T, M)t
hence the name “tangential gradient.”

Of course since P, p is a linear map we have that Vy f is also linear in f in the sense that if
fi:U; = RisC' with Uj openand U; D M for j = 1,2,and if A, u € R, then

9.7 Vufi + wf)(a@) = AVy fi(@) + uVm fr(@), aeM.

9.8 Lemma. Suppose M is a k-dimensional C! submanifold of R" and f: U — Ris Cl, where U 1s
an open set containing M. Then at each point a € M we have

() veluM = Dyf(a)=v-Vrifla) =v-Vy f(a).

Furthermore, if f U — R is another leuncz‘ion withU > M andszIM = fIM, then Vy f(a) =
Vi fl@)VaeM.

9.9 Remarks: (1) Notice, in particular, that (%) implies that all the directional derivatives of f by
vectors v € T, M are determined by the tangential gradient Vy, f (a).

(2) In the last part of the above lemma we use the notation f|M to mean the “restriction of f to
M, meaning the function which is defined on M only (and not on the larger set U) and which
agrees with f at all points of M; the last part of the lemma in fact shows that the gradient of f on
M,V f,depends only on f|M and is unchanged if we take another f, provided the new f is still
C'! and agrees with the original f at all points of M.

Proof of 9.8: For v € T, M Def. 9.3 ensures that there is a C! map y : [0, @) — R" with a > 0,
y([0,a)) C M, y(0) = a, and y'(0) = v. By the chain rule, %f()’(f)) =y'(t) - Ve f(y (1)) so,
in particular, %f(y (t)]i=0 = v - Vga f(a) = D, f(a). On the other hand, since v € T, M we have
v = Pr,m(v) and then by 8.3 (with V = T, M) we have v - Vrn f(a) = P1,m (V) - Vg f(a) =
v P, (Ve f(@) = v - Var f (a) by the definition 9.6. .

To prove that last part of the lemma, observe that under the stated hypotheses f— fisC' on the
open set UNU D M,and so we can apply the above argument with f—fin place of f. Since
f— f = 0at each point of M, this gives v - VM(f— f)@) =0VaeMandallyv € T,M and so
taking v = VM(f— f)(a) we conclude VM(f— f)(a) = 0. Then by the linearity 9.7 this can be
written VMf— Vu f(a) =0, so the proof of 9.8 is complete.
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In view of the above theorem the following definition is natural.

9.10 Definition: Suppose M is a k-dimensional C! submanifold of R” and f : U — Ris C!, where
U is an open set containing M. Then a pointa € M is called a critical point of f|M (the restriction
of f to M asin 9.9(2)) if Vy; f(a) = 0.

Using the terminology of the above definition we then have the following.

9.11 Lemma. If f|M has a local maximum or minimum at a € M (i.e., if there is § > O such that either
fx) < f@VYxeMnNBs(a) or f(x)> f(a)Vx € M N Bs(a)) then a is a critical point of f|M
(ie, Vm f(a) =0)

9.12 Caution: Of course it need not be true under the hypotheses of the above lemma that the full
R" gradient Vg» f(a) = 0, because we are only assuming f|M has a local maximum or minimum
at a, and this gives no information about the directional derivatives of f at a by vectors v which are
notin T, M.

Proof of Lemma 9.11: Assume f|M has a local maximum at @, and take § > 0 such that f(x) <
f(a) forallx € M N Bs(a). Let v € T, M. By Rem. 9.5 we can find a c! map y : (—a, a) - R”
with y((—a, a)) € M, y(0) =0, and y/(0) = v. ¥ is C!, hence continuous, and so there is an
n > Osuch that |t| < n = ||y () — y(0)| < §,so0,since y(0) = a,wehave |[t| <n = y(t) e M N
Bs(a), and hence |t| < n = f(y(t)) < f(a), so f(y(t)) has a local maximum at 7 = 0. Hence,
by 1-variable calculus the derivative at = 0 is zero. That is, by the Chain Rule and 9.8, 0 =
LFy)li=o=y'(0) Verf(@) =v- Vi f(@) =v -V f(a),s0v- Vi f(a) =0foreachv e
T, M. In particular, with v = V) f (@) we infer Vs f(@)|*> = 0, hence Vs f(a) = 0.

If fIM has alocal minimum at g the same argument can be applied to — f, hence the proof of 9.11
is complete.

One of the things we shall prove later (in Ch. 4) is that if k € {1, ..., n — 1} then intersection of
the level sets of the n — k C! functions g, ..., gu— is a k-dimensional C! submanifold, at least
near points of the intersection where the gradients Vrugi, ..., Vrng,— are Li. More precisely:

9.13 Theorem. If U C R" is open, if g1,...,8n—k :U > R are CL, if S={x e U : g;(x) =
Oforeach j=1,...,n—k}and if M % ), where

M={yeS:Vrig1(¥),..., VrRngn—k(y) areli.},
then M is a k-dimensional C! submanifold.

We shall give the proof of this later, in Sec. 3 of Ch. 4, as a corollary of the Implicit Function
Theorem.

9.14 Lagrange Multiplier Theorem. If U C R" is open, if f,g1,.... 81—k :U — R are
cl if S={xelU:gj(x)=0foreachj=1,....n—k}, if acM={yeS:Vgi(y),...,
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Vgn_i(y) areli) (so that M is a k-dimensional C! manifold by 9.13), and if a is a critical point
of fIM, then ANy, ... hn—i € R such that Vi f (@) = 312} 1 VRng; (a).

9.15 Terminology: The constants A1, ..., A, are called Lagrange Multipliers for f relative to the
constraints g1, . . ., 8n—k-

9.16 Remark: In view of 9.11 the hypothesis that g is a critical point of f|M is automatically true
(and hence the conclusion of 9.14 applies) if f|M has a local maximum or local minimum at g (or,
in particular, if ]S has a local maximum or local minimum ata € M).

Proof of 9.14: By definition of critical point of f|M we have

Pr,m(Vre f(a)) = Vi f(a) =0,
and hence Vgn f(a) € (T, M)*. By 9.4, T, M has dimension k, and hence, by 8.1(iii) of Ch. 1, we
have dim(7, M)+ =n — k.
Now g; = 0 on M, hence by Lem. 9.8 above we have Vj;g; = 0 on M and hence we also have
Vrigj(a) € (T, M), Furthermore, Vrng1(a), . .., Vrigu—(a) are Li., and hence, by Lem. 5.7(b)
of Ch. 1, they must be a basis for (7, M)=, so there are unique A, ..., Ap—k € Rsuchthat Vrn f(a) =

YA VRigj(@).

SECTION 9 EXERCISES

9.1 (a) Find the maximum value of the product x1x - - - x,, subject to the constraints x; > 0 for each
Jj=1,...,nand }7i_; x; = 1, and (rigorously) justify your answer.

(b) Prove that if aj, ..., a, are positive numbers, then (ajaz - - - a,)'/" < ‘M”znﬁ (“The in-
equality between the arithmetic and geometric mean.”)

9.2 Find:

(a) the minimum value of x2 + y2 on the line x + y = 2;

(b) the maximum value of x + y on the circle x> 4+ y> = 2.

9.3 Suppose f(x,y,z) =3xy + 23 —3zfor (x,y,2) € R3.

(i) Show that f has no local max or min in R3.

(ii) Prove that f attains its max and min values on the sphere x> 4 y? + 7% — 2z = 0.

(iii) Find all the points on the sphere x + y? + z? — 2z = O where f attains its max and min values.

9.4 Letn>2and $" ! = {x e R" : ||x|| = 1}. Prove that §"~! is an (n — 1)-dimensional C'!
submanifold.

Hint: Notice that we can write §"~! = (U;;l{gc eR": 3, x? <landx; = /1 — Diz x?})
U (U?:]{;c e R": Zi;ﬁjxiz <landx; = —/1— Zi;ﬁjxiz}).
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CHAPTER 3

More Linear Algebra

1 PERMUTATIONS

A permutation on n elements is an ordered n-tuple (i1, ..., i,) which is a re-ordering of the first n
positive integers 1, ..., n; that is the set P, of all such permutations is

Pn={G1,....in) {it,....in} ={1,....n}}.

Notice that there are exactly n! such permutations, because there are exactly n ways to choose the
first entry i1, and for each of these n choices there are exactly n — 1 ways of choosing the entry iy,
so the number of ways of choosing the first two entries i1, i3 is n(n — 1), and similarly (if n > 3), a
total of n(n — 1)(n — 2) ways of choosing the first 3 entries i1, i2, i3, and so on.
Let 1 <k < € <n,and define 74 ¢ : R* — R”" by

kfh thh klth thh

Tht(X1s ooy Xkyoooy Xgooooy, X)) = (X1, o0y Xgyeovoy Xk, onny Xp)

(i.e., Tk, ¢ interchanges the elements at position k, £). Such a transformation is called a transposition;
notice that 7 ¢ is its own inverse. Thus, 74 ¢ o 7% ¢ = identity transformation on R":

‘Ek’gol’k,g(xl,...,xn) =1, .., X) Y(X1, ..., X0) e R".

We claim that any permutation can be achieved by applying a finite sequence of such transposi-
tions. Indeed, if (i1, ..., i,) is any permutation then we can write this permutation in terms of a
permutation of the first n — 1 (instead of n) integers as follows:

perm.of 1,..., n—1,
————
(i1yeyin—1,1) ifi, =n
Gl in) =V Gt in, ooy inet n)  ifiy < n (ie., ig = n for some k < n) |
kthslot
perm.of I,..., n—1

and so by induction on n it follows that each permutation can indeed be achieved by a sequence
of transpositions; that is, for any permutation (i1, ..., i,) we can find a sequence M 1D of
transpositions such that

1.1 (i1y.esin) =tV 01P0...0t@,... n).
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Correspondingly, we can permute the n coordinates xi, ..., x, of a point in R” using the same
sequence of transpositions:

1.2 (XiysoonsXiy) = tWor@o..i0o f(‘f)(xl,xz, Co, Xn) .

1.3 Note: We of course do not claim the representation 1.1 is unique, and it is not—indeed there
are many different ways of writing a given permutation in terms of a sequence of transpositions.
For example, if n = 3 then the permutation (3,2, 1) can be written as 71,3(1, 2, 3) but also as
Tm30T1120173(1,2,3).

An important quantity related to a permutation (i1, ..., i,) is the integer N(iy, ..., in), which is
defined as the number of inversions present in the sequence iy, ..., i,; that is,

N(i, ... ,in) = the number of pairs k, £ € {1, ..., n} with £ > kand iy < if .
One usually computes this as Z'};% N;(i1, ..., in), where

N1 (i, ..., i,) = number of integers £ > 1 such that i, < i;
No(iy, ..., iy) = the number of integers £ > 2 such that iy < i>

Ny—1(1, ..., i,) = the number of integers £ > n — 1 such thatiy < i,

(sothat Ny_1(i1,...,0ip) = 1ifi, <ip_1and =01ifi, > iy_1).

The quantity N(iy, ..., i,) allows us to define the “parity” (i.e., “evenness” or “oddness”) of a per-
mutation.

1.4 Definition: The permutation (i1, ..., i,) is said to be even or odd according as the integer
N(iq,...,i,) s even or odd.

Notice that then

+1  if(iy,...,i,) iseven

(— 1)V Gtoemin)
—1 if(iy,...,i,)is0dd.

The quantity (= 1D)NGrin) ig called the index of the permutation (i, ..., ip).

1.5Lemma. If1 <k <{ <nandif (i1, ...,i,) is a permutation of (1, ..., n), then
(1YN G itodioneain) = ([N ndinitensin)

1.6 Remarks: (1) Notice that (i1, ..., i¢, ..., ik, . .., i) can be written in terms of the transposition
The as Tk ¢ (i1, .oy iks oo 5@, ..., 0p), so the above lemma says that zhe parity of the permutation
changes each time we apply a transposition; notice, in particular, this means that the index (— DN G1in)
can be written alternatively as

(_I)N(il,...,in) — (_l)q ,
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where g is the number of transpositions appearing in 1.1 above.

(2) An additional consequence of the lemma is that for each n > 2 there are "7' even permutations
and ”7' odd permutations, because according to the lemma the transposition 712 maps the even
permutations to the odd permutations, and this map is clearly 1:1 and onto (it is onto because any
permutation (i1, i2, i3, . .., i) can be written 71 2(i2, i1, 3, . . ., in)).

Proof of Lemma 1.5: If ¢ = k + 1, then iy, i¢ are adjacent elements in the permutation (i1, ..., iy).
Observe that, if we use the notation that #4 = the number of elements in the set A (zero if A
is empty), then since the pair in the k-th and (k + 1)’st slots is ixy1, ix (which is an inversion if
ir+1 > i but not if iy < ix41) we have

k-th (f + 1)’st

)
ikl > ik = Neliv, ooy ik—1, ity koo i) =14+#j 1 j = k+2andi; <irq1}
and Ngp1(i1, ooy k=1, bhtl> Bkyvensin) = #{j:j>k+2and ij < ir},
so that
Nty ooy ik=1s k15 Tk oo os bn) + Ne1 (s oo s b—1s Gkt 1 ks oo In) =

1+#{j:j>=k+2andeitheri; <ixy)ori; <iy},
which, except for the “14” on the right side, is exactly the same as
Nielusooos k=1 by Gkt1s - ooy In) + Ni1 G ooy k=15 Iy Tkt 1s - oo In) -

That is, we have shown that

k1 > ik = Nk, ooy k=15 Tkl B o ooy Bn) + Nt (s ooy k=1 Tk 1 B o ooy i) =
Ni(ins ooy fk—1s ks bty - ooy i) + Nt Gns ooy fk—1s Tk ket -0 i) + 1
By a similar argument (indeed it’s the same identity applied to the permutation (ji, ..., j,), where

Je=1i¢for & #k,k+1and jix = ixr1, jr+1 = ix) we have

lk-‘rl < lk :>Nk(lla "'7ik—17 ik—i—lvik» ,ln) +Nk+1(l17 "'?ik—17 lk+lalka "'?in) =
Nielity ooy k=15 bks Tkt 1y oo s bn) + Ne1 1y ooy k=15 Gy Tkt 1y oo s Bn) — 1
Sincetriviallpr(il, e dg—1, ik+1, Iy oy ip) = Np(i], o dk—1, Ik, ik+lv o) ifeitherp <k

or p > k + 1, then we have actually shown that

N(ll,,lk71,1k+1,lk,,ln)=N(ll,,lkfl,lk,lk+],,ln):i:1

and so (= D)NCik—tik ko nin) — —(—1)NUelktiklktto0n) and the lemma is proved in the
case when £ = k + 1.

n the case when £ > we can get the permutation (iy, ..., i, ..., ik, ..., i) from the origina
Inth hent > k + 2 getthep tat from the original
permutation (if, ..., ik, ..., i¢, ..., iy) by first making a sequence of £ — k transpositions of adja-

cent elements to move iy to the right of iy, and then making a sequence of £ — k — 1 transpositions
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of adjacent elements to move iy back to the k™ position. In all that is 2(¢ — k) — 1 transpositions
of adjacent elements, each changing the index by a factor of —1, so the total change in the index is
(=120~ = _1 and the lemma is proved.

If (i1, ..., in) isany permutationof 1, . . ., n,recall that then we can pick transpositions M @
such that (i1, ..., i) =t 0t@ o... 0 7@(1,...,n). Then (since t® o ) = identity for each
i) the same sequence of transpositions in reverse order “undoes” this permutation: (1, ...,n) =
t@o..0tW(y, ..., iy,). The permutation (ji, ..., j,) = 1@ o otM(1, ..., n)iscalled the
“inverse” of (i1, ..., in). Observe that ji is uniquely determined by the condition i, = k foreachk =
1, ..., n,asone sees by taking x; = i in the identity (x;,, ..., x;,) = t@Do.iot® (k... x).
Observe also that (— 1)V U1dn) = (=1)7 = (=1)NU1--in): thatis, the permutation (iy, ..., i) and
its inverse (j1, ..., jn) have the same index.

SECTION 1 EXERCISES

1.1 For each of the following permutations, find the parity (i.e., evenness or oddness) by two methods:
(i) by directly calculating the number N of inversions; and (ii) by representing the permutation by a
sequence of transpositions applied to the trivial permutation (1, 2, ..., n):

() 4,3,1,5,7,2,6), (b)(2,3,1,8,5,4,7,6).

2 DETERMINANTS

We here take the general “multilinear algebra” approach, which begins with the following abstract
theorem (which in the course of the proof will become quite concrete).

n-factors

—
2.1 Theorem. There is one and only one function D : R" x -+ x R" — R having the following prop-

erties:
() D is linear in the j-th factor for each j =1, ..., n; For j = 1 this means
D(c1B1 +coy1, 2, ..., an) = c1DB1, a2, ....an) + 2D(y1, 22, ... o) .

Jor any ¢y, c2 € R and any B1, y1, 2, ...,y € R", and we require a similar identity for the
other factors;

() D changes sign when we interchange any pair of factors: that is, for any k < £,
Dy, ooy Qhey ey Oy ey Q) = —D(Q, oo Oy oo Ay ey Oy
(ii)) Dey,....en) = L.

2.2 Remark: Observe that property (ii) says, in particular, that D(«1, ..., @,) = 0 in case any two
of the vectors o;, j (i # j) are equal, because in that case by interchanging «; and «; and using
property (ii) we conclude that D(«y, ..., @) must be the negative of itself, i.e., it must be zero.
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Proof: The proof is fairly straightforward now that we have the basic properties of permutations at
our disposal: We start by assuming such a D exists, and seeing what conclusions that enables us to
draw. In fact, if such D exists, then we can write each vector «; in the expression D(a1, ..., ;) as
a linear combination of the standard basis vectors and use the linearity property (i). Thus, we write
oy =) aien, @ =)0 dip2€iy, - Qn = Y1 _| diynei,,and use the linearity property (i)
on each of the sums. This gives the expression

n

D@i.....an) = Y G180 inDlei. eiyr .- €,) -

il?izv"'sin:]

In view of Rem. 2.2 above we can drop all terms where iy = iy for some k # ¢; that is we are

summing only over distinct i1, ..., iy, 1.€., 0over iy, ..., iy such that (i, ..., i,) is a permutation of
the integers 1, ..., n, so only n! terms (from the total of n”* terms) are possibly nonzero, and we can
write
Dy, ...,an) = Z ai1aiy2 - -~ ai,nDieiy s eiys - - -5 €6y) -
distinct iq,...,iy <n

Now interchanging any two of the indices iy, ig (with k # €) just changes the sign of the ex-

pression D(e;,, ei,, ..., e;,) (by virtue of property (ii)). So pick a sequence of transpositions
M 1D such that (if,....in) =tPo1t@o--.0t@(l,...,n); then Dieiys ..., ei,) =
(—1)DCey, ..., en),and from our discussion of permutations we know that (—1)? is just the index

(= 1)Ntin) of the permutation (if, . . . , i), and also D(ey, ..., e,) = 1 by property (iii), so we
have proved (assuming a D satisfying (i), (ii), (iii) exists) that

(1) D1, ....on) = > (DN ay i - dy
perms. (i1,...,in) of {1,...,n}

Thus, if such a map D exists, then there can only be one possible expression for it, Viz. the expression
on the right of (1). Thus, to complete the proof we just have to show that if we define D(a1, . .., ay)
to be the expression on the right side of (1), then D has the required properties (i), (ii), (iii).

Now properties (i), (iii) are obviously satisfied, so all we really need to do is check property (ii).

To check property (ii) observe first that iy, iy are dummy variables so we can relabel them p, ¢, in

which case
k-th £-th
R
D(Q(], e Oy ey Oy ey Q{n) thh llfth k-th th
1) 1
Ny, Py sl
= Z (—1) (i1 p q n)aillaizz"'ape"'aqk"'ainn
distinct i1,...pyees@seensin
N(@p,eeos Py sl
= Z (—1) (i1 Ps-sq n)aillaizz"'aqk"'ap["'ainn

distinct i1,...py sy nnsin

(_I)N(il,...,q,...,p,...,i,,)

]

ai 14,2 "'aqk"'ap["'ainn s
distinct i,...qyeeey Pyeensin
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where we used the fact that (— 1)V Pres@oin) — ()N C1ensfoeposin) (by the main lemma,
Lem. 1.5, in the previous section), and now we simply relabel ¢ = iy and p = iy to see that the final
expression here is indeed, as claimed, the quantity —D(a1, ..., Qk, ..., Xg, ..., Xp).

Thus, the proof of the theorem is complete.

We can now define the determinant det A of an n x n matrix A = (a;;).
2.3 Definition: det A = D(«, ..., «y), where a1, ..., oy are the columns of A.

We can now check the various properties of determinant: The first 3 are just restatements of prop-
erties (i), (i1), (ii1) of the theorem, and hence require no proof.

P1. det A is a linear function of each of the columns of A (assuming the other columns are held

fixed).

P2. If we interchange 2 (different) columns of A, then the value of the determinant is changed by a
factor —1 (and hence det A = 0 if A has two equal columns).

P3.If A = I (the identity matrix), then det A = 1.
P4.1If A, B are n x n matrices, then det AB = det A det B.

Proof of P4: Let A = (a;j), B = (b;;). Recall that by definition of matrix multiplication we have
that the j-th column of AB is ) ;_, bijak, where oy is the k-th column of A. Thus, using the
linearity and alternating properties (i), (ii) for D we have

n n
det AB = D(Z brj1 Qs -+ Z bi,n@k,)

k1=1 kn=1
n

= > bbb Dieny, - k)

= > br1biy2 - - - biyn D@y s - - -5 2k,

distinct ky,kp, ..., kn

= > Vb by b, Dl )

distinct kq,kp, ...k,

=det B det A

as claimed.
P5. det A = det AT (and hence the properties P1, P2 apply also to the rows of A).
P6. (Expansion along the i-th row or j-th column.) The following formulae are valid:

detA = Z;{:](_l)_ﬁ{azj det A;j foreachi =1,...,n
detA =" (=)' a;jdetA;j foreach j=1,...,n,
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where A;; denotes the (n — 1) x (n — 1) matrix obtained by deleting the i-th row and j-th column
of the matrix A.

We defer the proof of P5,P6 for a moment, in order to make an important point about practical
computation of determinants:

2.4 Remark: (Highly relevant for the efficient computation of determinants.) Notice that one almost
never directly uses the definition (or for that matter P6) to compute a determinant. Rather, one uses
the properties P1, P2 (and the corresponding facts about rows instead of columns which we can do
by P5) in order to first drastically simplify the matrix before attempting to expand the determinant.
In particular, observe that the 3rd kind of elementary row operation does not change the value of
the determinant at all:

| | | r
ra ) ra r2
ri ri ri | < i-th ri
det . =det| . | +Ardet] . = det
rj+Ar rj ri | < j-th rj
I'n 'n I'n I'n

where we used P1 and P2. We can of course also use the other two types of elementary row operations,
so long as we keep track of the fact that interchanging 2 rows changes the sign of the determinant
and multiplying a row by a constant A has the effect of multiplying the determinant by A.

We now want to check properties P5, P6.

Proof of P5: Recall that if (iy, ..., i,) is any permutation of 1, ..., n then we can pick transpo-
sitions TV, ..., 7@ such that (i1,...,in) =1tV 0t@ o--.07@(1,...,n), and then the same
sequence of transpositions in reverse order “undoes” this permutation: (1,...,n) =1t@o--.0
Wy, ..., iy). The permutation (ji, ..., j,) = 7@ o...orMW(1, ..., n)iscalled the “inverse” of
(i1, ..., in). Observe that ji is uniquely determined by the conditionij =k foreachk =1,...,n,
as one sees by taking xx = i in the identity (x;, ..., x;,) = t@Do.iot®(xy, ..., x,). Ob-
serve also that (—1)NUdn) = (—1)7 = (—=1)NUin): that is, the permutation (iy, ..., i,) and
its inverse (1, ..., jn) have the same index.

Now

detA= 3 (DY Magan - ai

distinct iy,..., in
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and observe that the terms in the product a;,14;,2 - - - @;,, can be reordered so that the ji-th entry
(which is a; ik = ay;,) appears as the k-th factor. Thus,

aillaizz e lign = a1j1a2j2 o 'anj,, )

and, as we mentioned above, the index (—1)NU-in) of (ji,..., j,) is the same as the index
(—DNUsin) of (i1, ..., iy). We thus have
N(j1yees]
detA = Z (—~D)NULi gy s an - ayj, -
distinct iq,...,i
Since the correspondence (i1, ..., iy) = (ji, ..., jn) between a permutation and its inverse is 1:1
(hence onto all n! permutations), we see that (ji, ..., j,) visits each of the n! permutations exactly
once in the above sum over distinct i1, . .., i,. That is, we have shown
N(J1yeens ]
detA = Z (—=D)NULIgy s an i - ayj, -

distinct ji,..., jn

But now observe what we have here is exactly the expression for the determinant of AT. Thus,
det A = det AT as claimed in P5.

Proof of P6: In view of P5 we need only prove the second identity here, because the first follows
by applying the second to the transpose matrix. Furthermore, we need only prove the first identity
in the case j = n, because the case j = n implies the result for j < n by virtue of property P2. Let
a1, ..., o be the columns of A. Since @, = 1, dine;, we have

(1) detA =D(ay,...,an) =D(@1, ..., An—1, D11 Ain€i)
= Z7=1 alnp(gl? 7gn—1v_ei) )

and by making n — i interchanges of adjacent rows, and using the fact that (by P5) property P2 also
applies with respect to interchanges of rows rather than columns, we can move the i-th row of the
n X n matrix (€12 - - - &y —1€;) to the n-th position, at the expense of gaining a factor (—1)"~'; and

s0, since (—1)*~" = (—=1)"* we obtain
- Ain O
2 D@y, ... @n1,€) = (=)' det< o I) ,
L1
where 0 is the zero column vector in R”~! and r; is the row vector (aj1, a2, .. ., ain—1) € R*™!
(i-e., r; is just the first n — 1 entries of the i-th row of A).
Now by definition
Ain 0 Ni1seonin
det ( Z'i” 1) = > (=Nt py by by

distinct i,...,ip <n
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. . . . . (Ain O .
where b;; is the element in the i-th row and j-th column of the matrix ( " I), notice that
ri

bi,n =01ifi, # nand 1 if i, = n, so this expression simplifies to

Ain 0O NG i
det( r’." T) = Z (-1) (ll’""l”_l’")billbizz b s
=1 distinct iq,...,i,—1 <n—1
which of course (since N(iy, ..., in—1,n) = N(i1, ..., i,—1)) is just exactly the expression for de-

terminant of the (n — 1) x (n — 1) matrix obtained by deleting the n-th row and the n-th column

. (A 0\ . .. . .
of the matrix < " I ,1.e., it is the determinant det A;,,; that is,
ri

3) det <Ai" Q) =detA;, .

ri 1

By combining (1), (2), (3) we have P6 as claimed.

SECTION 2 EXERCISES
2.1 Calculate the determinant of

10 11 12 13 426
2000 2001 2002 2003 421
2 2 1 0 419
100 101 101 102 2000
2003 2004 2005 2006 421

(show all row/column operations: no calculators).

1 1 .. 1
x1 xz P xn
. 2 2 2
2.2 Prove that the “Vandermonde determinant” A = det | *i Xy Xy
n—1 n—1 n—1
xl x2 “ .. xn

is the product of all possible factors x; — x; with 1 <i < j < n;thatis, A = ITi<;<j<,(x; — x;).

Hint: Consider using row operations to reduce the n-variable case to the (n — 1)-variable case.

3 INVERSE OF A SQUARE MATRIX

One very important theoretical consequence of the formula P6 of the previous section is that it enables
us to prove the inverse of ann x n matrix A (i.e.,then x n matrix A~ lsuchthat A=A = AA" ' =1)




70 CHAPTER 3. MORE LINEAR ALGEBRA

exists if det A # 0. First observe that according to the first identity in P6 we have

ayip ap -+ dip
ar azp -+ aAp

n

. agr agx Qe | <« j-th row

> (=D ay det Ay = det

k=1 oth
ag ap - ag | < fthrow
anl dp2 - dpn

which is zero if i # £. On the other hand, if i = £ then P6 says the expression on the left is just
det A. Thus, we have

ST detA ifi=¢
Z(—l)l+kaek det A,‘k = et 1 l
P 0 ifikL,
or in other words (labeling the indices differently)
- - detA ifi=j
S tFaydetay = {00 BT
P 0 ifi #j.

Notice that the expression on the left is just the element in the i-th row and j-th column of the
matrix product AM, where M is the n x n matrix with entry m;; in the i-th row and j-th column,
where m;; = (—1)"*7 det Aji; in other words,

M= (=1 detAj;),
and then the above, in matrix terminology, just says
AM = et A) T,

where [ is the n x n identity matrix. By using an almost identical argument, based on the second
identity in P6 rather than the first, we also deduce

MA = (detA) I ,
where M is the same matrix.

3.1 Terminology: The above matrix M (which has the entry (—1)'*/ det A ji in its i-th row and
Jj-th column) is called the “adjoint matrix of A,” and is denoted adj A.

Because of the above we now have a complete understanding of when an n x n matrix A has an
inverse, i.e., when there is an n x n matrix A~! such that A=1A = AA~! =],
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3.2 Theorem. Let A be an n x n matrix. Then A has an inverse if and only ifdet A # 0, and in this
case the inverse A~ is given explicitly by A~! = ﬁ adj A.

Proof: First assume det A # 0. Then by the formulae adjA A = Aadj A = (det A) I proved above,
we see that indeed the inverse exists and is given explicitly by the formula ﬁ adj A.

Conversely, if A~! exists, then we have AA~! = I, and hence taking determinants of each side and
using properties P4 and P3 we obtain (det A) (det A~ = 1, which implies det A # 0, so the proof
is complete.

3.3 Remark: Notice that the last part of the above argument gives the additional information that

1
detA™! = .
¢ det A

Recall (see the remark after the statement of properties P1-P6) that we can compute det A by using
elementary row operations and that the first type of elementary row operation (interchanging any
2 rows) only changes the sign, the second type (multiplying a row by a nonzero scalar 1) multiplies
the determinant by A (# 0), and the third type (replacing the i-th row by the i-th row plus any
multiple of the j-th row with i # j) does not change the value of the determinant at all. Thus,
none of the elementary row operations can change whether or not the matrix has zero determinant.
In particular, this means that det A # 0 <= detrref A # 0. On the other hand, since Aisn x n
(i-e., we are in the case m = n), then, from our previous discussion of rref A in Sec. 9. of Ch. 1, we
know that either rref A = I (the n x n identity matrix) or rref A has a zero row (in which case it
trivially has determinant = 0). We also recall (again from Sec. 9 of Ch. 1) that (since we are in the
case m = n) rref A has a zero row if and only if the null space N (A) is nontrivial (i.e., if and only
if the homogeneous system Ax = 0 has a nontrivial solution), which in turn is true if and only if A
has rank less than n.

Thus, combining these facts with Thm. 3.2 above, we have:
3.4Theorem. If A is an n X n matrix, then

AV exists &= detA £0 < rrefA=1 < N(A) = {0} < rankA=n.

SECTION 3 EXERCISES

3.1 Suppose A, B are n xn matrices and AB = 1. Prove that then detA #0 and B =
(det A)~'adj A. (In particular, AB = I = BA = I and B is the unique inverse (det A)~'adj A).

3.21If A, B are, respectively, m x n and n X p matrices, prove

(a) (AB)Y = BTAT, and (b) m =n = p and A, B invertible = AB invertible and (AB)™' =
B~1AL
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3.3 Let A = (g;j) be an n x n matrix with det A # 0,and b = (b, .. ., bn)T € R". Prove that the

solution x = (x1, ..., x,)T = A~'b of the system Ax = b is given by the formula
detAi
xXi=———, i=1,...,n,
! det A

where A; is obtained from A by replacing the i column of A by the given vector b.

Hint: Use the formula A~ = (det A)™! ((— 1)it7 det Aj,-) proved above to calculate the i-th com-
ponent of A~!b.

4 COMPUTING THE INVERSE

By Exercise 3.1 above, an n x n matrix B is the inverse of the n X n matrix A ifand onlyif AB = I,
where /I is the n x n identity matrix, i.e., the matrix with j-th column e;. Since the j-th column of
ABis A, where B; is the j-th column of B, to find the inverse of A we thus have to solve

4.1 Ax=e;, j=1,...,n.

In view of the discussion in Sec. 10 of Ch. 1 we can attempt to do this by using elementary row
operations on the augmented matrix Ale; to give the new augmented matrix

4.2 rref A|B; |

and by Thm. 3.4 above we know that A ! exists ifand only if rref A = I,in which case the augmented
system in 4.2 is simply

43 1B j=1,....,n¥,

and hence if A~! exists then the solution of 4.1, which gives the j-th column of A~!, is exactly
the vector which appears right side of 4.2 (and in that case rref A = I'). We can of course solve all
J equations in 4.1 simultaneously by working with the n x 2n augmented matrix A|/ (because the
Jj-th column of I is e;).

Thus, to summarize, we can find the inverse by starting with the n x 2n augmented matrix A|/ and
applying elementary row operations, which produce rref A = I as the first n columns, and produces
the n x 2n augmented matrix

1B .
Then B is the required inverse A~!.This process will also tell us when A~! does not exist, because
in that case rref A will have at least one row of zeros (and det A = 0).

1 43
For example, if A is 3 x 3 matrix | I 4 5| then we compute the inverse (and at the same time
2 51

check that the inverse exists) by looking at the 3 x 6 augmented matrix

1 4 3|1 00
1 4 5|(0 1 0},
25 1|0 0 1
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and using elementary row operations as follows:

1 4 3
4 5
51

1 00
1 010
2 0 0 1

—7)2
3/2
~1/2

Therefore, A~! =

SECTION 4 EXERCISES

rp—> 1) —r]
r3y — r3 —2rg

rp — %rz
r3 — —r3

ry—r1—3n

r3 — r3 —5r

1
r3 — 373

ry—>r1 —4r3

rp <> r3
11/6  4/3
-5/6 —1/3
1/2 0

SO, OO0 oo e ——~\—

SO = OO =

O»—O»—OO_OP

1
0
0

W O b W oA

’—‘OOOHOOHO

1
4.1 Calculate the inverse A~! of A, if A is the 4 x 4 matrix (1)
0

O O = =

S = O W = W

4 3
0 2
-3 =5
1
~1/2
2
5/2
—1/2
9/2
5/2
~1/2
9/6
~21/6
~1/2
9/6
~21/6
9/6
~1/2

e e
N W = =

5 ORTHONORMAL BASIS AND GRAM-SCHMIDT

Letyl,..

100
-1 10
-2 0 1
0 0
12 0
0 -1
—-3/2 0
12 0
—-5/2 —1
—-3/2 0
12 0
~5/6 —1/3
11/6 4/3
12 0
-5/6 1/3
11/6 4/3
-5/6 1/3
12 0
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., Uy be vectors in R". We say that the vectors are orthonormal if v; - v; = §;;, where §;; is

the Kronecker delta (= 1 wheni = j and = O when i # j). Thus, vy, ..

., N orthonormal means

that each vector has length 1 and the vectors are mutually orthogonal (i.e., each vector is orthogonal

to all the others).

If V is a nontrivial subspace of R" then an orthonormal basis for V is a basis for V consisting of an

orthonormal set of vectors.
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5.1 Remark: Observe that orthonormal vectors vy, ..., vy are automatically Li., because

N
Zciyi=Q=>Cj=0Vj:1,...,N,
i=1

as we see by taking the dot product of each side of the identity ZZNZI ¢;v; = 0 with the vector v;.

5.2 Lemma. If V is a nontrivial subspace of R" of dimension k and if uy, ..., ux is an orthonormal
basis for V., then the orthogonal projection Py of R" onto V (asin'Thm. 8.3 of Ch. 1) is given explicitly

by

k
Py(x)=) x-ujuj, xeR".
i=1

Proof: Define Q(x) = Zi-‘zl X -u; u; for x € R", and observe that then Q(x) € V by definition.
Also,since uj - u; = 8;j,u; - (x — Q) =uj-x —x-u; =0,s0 that x — Q(x) is orthogonal to
each u j, hence orthogonal to span{uy, ..., ux}. Thatis,x € Vandx — Q(x) € V+ and hence Q(x)
satisfies the two conditions which according to Thm. 8.3 of Ch. 1 uniquely determine the orthogonal
projection Py.Hence, Q = Py and the proof is complete.

Our main result here is the following.

5.3 Theorem. Let vy, ..., vk be any Li. set of wvectors in R". Then there is an orthonormal set of
vectors Ui, ..., Ug such that span{uy, ..., u;} = span{vy, ..., v;} foreach j = 1, ..., k, and in fact
Uy, ..., u;is an orthonormal basis for span{vy, ..., v;} foreach j =1, ... k.

Proof (“Gram-Schmidt orthogonalization”): We proceed inductively to construct orthonormal

ui,us, ..., ugsuchthatspan{uy, ..., u;} = span{vy, ..., v;}foreach j by the following procedure,
in which we use the notation that P; denotes the orthogonal projection of R” onto spanf{vy, ..., v}
foreach j =1,...,k:

ur = llvr| "oy
and, assuming j € {2,...,k — 1} and that we have selected orthonormal uy,...,u; with
span{uy, ..., u;} = span{vy, ..., v;}, we define
(D Ujrr = vjp — Pj(l)jJrl)”_l(l)jJrl — Pj(vj+1)) -

Observe that this makes sense because v j 1.1 — P;(v;) # 0 (because by definition P;(v;41) isalinear

combination of vy, ..., v; and so v — P;(v;) is a nontrivial linear combination of vy, ..., V41
and hence cannot be zero because vy, ..., v 4 are Li.).
Then by definition, u ;1 is a unit vector, and if i = 1, ..., j then we have

—1
i -ujpr =ci Vi1 —ui - Pijt1)), c=vjt1— P+l
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and by Thm. 8.3(ii) of Ch. 1 the right side here is c(u; - vj41 — P(u;) - vj41) = c(u; - Vjy1 — u; -

vj+1) = 0,50 uj41 is orthogonal to ui, ..., u;, hence (since the inductive hypothesis guarantees
that u1, ..., u; are orthonormal) uy, ..., u ;41 are orthonormal and by 5.1 are Li. vectors in the
(j + 1)-dimensional space span{vi, ..., vj+1}, and so are a basis for span{vi, ..., v;41}. Thus, in
particular, spanf{uy, ..., uj41} = span{vy, ..., v;j41} and the proof of 5.3 is complete.

5.4 Remark: Notice that in view of Lem. 5.2 the inductive definition (1) in the above proof can be
written . _
j j
wipr =1 = D v il T @ — Y v uiw)
i=1 i=1
The procedure of getting orthonormal vectors in this way is known as Gram-Schmidt orthogonaliza-
t1om.

Finally, we want to introduce the important notion of orthogonal matrix.

5.5 Definition: An n x n matrix Q = (g;;) is orthogonal if the columns g1, ..., g, of Q are
orthonormal.

Observe that by definition Q orthogonal = QT Q = I, because by definition of matrix multiplica-
tion the entry of QT Q in the i-th row and j-th column is g; - ¢; which is &;; because g1, . .., gn
are orthonormal. Notice that the fact the QT Q = I means that det(QT Q) = 1, and hence by prop-
erties P4, P5 we see that (det )2 = 1, or in other words det Q = 1. In particular, det Q # 0,
so O~ ! exists by Thm. 3.4. Indeed, since QT Q = I we see that 0~! = QT and hence we must
automatically have Q QT = I.That is (since Q = (Q)T) we have

0 orthogonal <= Q" orthogonal ,

so, in fact, Q orthogonal implies that the rows of Q are orthonormal.

SECTION 5 EXERCISES

5.1 If § is the two-dimensional subspace of R4 spanned by the vectors (1, 1, 0, 07, (0,0,1, DT,
find an orthonormal basis for S and find the matrix of the orthogonal projection of R* onto S.

5.2 1f S is the subspace of R* spanned by the vectors (1, 0, 0, DT, (1,1,0,0)T,(0,0,1, 1T, find an
orthonormal basis for §, and find the matrix of the orthogonal projection of R* onto .

6 MATRIX REPRESENTATIONS OF LINEAR
TRANSFORMATIONS

Suppose V is a nontrivial subspace of R” and 7 : V' — V is linear. Thus, T (Ax + py) = AT (x) +
uT(y)Vx,y €V and for all A, u € R. We showed in Sec. 6 of Ch. 1 that, in case V =R", T is
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represented by the n x n matrix A with j-th column T'(¢;) in the sense that T'(x) = Ax for all
x € R". A similar result holds in the present more general case when V is an arbitrary nontrivial
subspace of R".

To describe this result we first need to introduce a little terminology.

6.1 Terminology: Let vy, ..., vx be a basis for V. Then each x € V can be uniquely represented
Z?‘:] x;jv;. The vector £ = (x1, ..., x1)T € R¥ is referred to as the coordinates of x relative to the
given basis vy, . .., V.

Observe that x = Zk xjv; = Tkx) = Z?:l x;T (v;) by linearity of T, and since T (v;) € V

and vy, ..., v isa bajsislfor V we can express T (v;) as a unique linear combination of vy, ..., vg;
thus
k
6.2 T(j) = Zaijyi for some unique a;; € R .
i=1
The k x k matrix A = (a;;) is called he matrix of T relative to the given basis vy, . .., Up.

Observe that, still with x = ZI;.:l xjvj, we then have T(x)= Zl;=1 x;T;)) =
Z’;Zl Zle aijx;jv; = Zle(zljzl a;jxj)vi. Thus if x has coordinates & = (xy,...,xp)"
relative to vy, ..., vx then T (x) has coordinates A€ relative to the same basis vy, ..., vg, where

A = (a;;) is the matrix of T relative to the given basis v1, ..., vt as in 6.2.

7 EIGENVALUES AND THE SPECTRAL THEOREM

Let A = (a;j) be an n x n (real) matrix. We begin with the definition of eigenvalue of A.

Observe that the expression det(A — AT) is a degree n polynomial in the variable A and the coefficient
of the top degree term A" is (—1)". Thus, det(A — A1) = (—=1)"(\" + Z;’;(l) aj)\,j) for some real
numbers ay, ..., dy—1.

One can check this directly in case n = 2 (in which case det(A — A1) = (a1; — A)(axn — A) —
apay) = A% — (a11 + an)r + (a11ax — ajpaz))) and it can easily be checked, in general, by in-
duction on n.

Notice that then the fundamental theorem of algebra tells us that there are (possibly complex)
numbers Aj, ..., A, such that

7.1 det(A—AD)=(=D"A—A) - (A—Ap), VA.

7.2 Definition: The numbers A1, ..., A, (which are the roots of the equation det(A — AI) = 0) are
called eigenvalues of the matrix A.

There are two important properties of such eigenvalues.
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7.3 Lemma. Let Ay, ..., Ay be the eigenvalues of A as in 7.2 above. Then:

(1) det A = Ay --- A, (e, det A = the product of the eigenvalues of A);
(i1) Jorany k € R: A an eigenvalue of A <= 3Jv € R" \ {0} with Av =1v.

7.4Remark: Anyv € R" \ {0} with Av = Av asin (ii) above is called an eigenvector of A corresponding
the eigenvalue ). Notice we only here consider eigenvectors corresponding to real eigenvalues A; it
would also be possible to consider eigenvectors corresponding to complex eigenvalues A, although
in that case the corresponding eigenvectors would be in C* \ {0} rather than in R" \ {0}.

Proof of 7.3: First note that (i) is proved simply by setting A = 0 in the identity 7.1.

To prove (ii), simply observe that, for any real A, det(A —AI) =0 <= N(A —Al) # {0} <—
Jv € R"\ {0} with (A — AI)v = 0 by Thm. 3.4 of the present chapter.

We can now state and prove the spectral theorem.

7.4 Theorem (Spectral Theorem.) Let A = (a;j) be a symmetric n X n matrix. Then there is an
orthonormal basis V1, . . ., Uy for R" consisting of eigenvectors of A.

Proof: The proof is by induction on n. It is trivial in the case n = 1 because in that case the matrix
A is just a real number and R” is the real line R. So assume n > 2 and as an inductive hypothesis
assume the theorem is true with n — 1 in place of n.

Let A(x) be the quadratic form given by the n x n matrix A. Thus,
n
A) = Y aijxix;
i,j=1
and observe that we can write
(1 A@) = IxIPA@), T=llxl"'x e 5" x eR"\ {0}
By Thm. 2.6 of Ch. 2 we know that A|S§"~! attains its minimum value m at some point vy € sn=1
s0, by (1), for x € R" \ {0}
) X1 A@) = A@) = m = x| A@) =,

and hence the function [|x|72.A(x) : R" \ {0} — R actually attains a minimum at the point v; and
hence (see the discussion following 7.1 of Ch. 2) must have zero gradient at this point. But direct
computation shows that the i-th partial derivative of the function ||x | ~2.A(x) is

n n
) -3
205172 aijxy — 1517 > arexrxe xi)
j=1

k=1
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soatx = vy = (Vi1, V12, ..., V1x) ' we get

n
E ajjvij —mvy; =0, i=1,...,n,
j=1

which in matrix terms says
Avy =muyy ,

s0, by 7.3(ii), we have shown that v; is an eigenvector corresponding to eigenvalue m.

Let T be the linear transformation determined by the matrix A, so that
T(x)=Ax, xeR",
andlet V = span{v;}. Thendim V = 1 and by Thm. 8.1(iii) we know that dim V+ = n — 1,and itis

a straightforward exercise (Exercise 7.1(b) below) to check that T : V- — VL. Soletwy, ..., w,—
be an orthonormal basis for V+ and let Ag = (al.(;.))) bethe (n — 1) x (n — 1) matrix of 7|V relative
to the basis wy, ..., wy—1 as discussed in Sec. 6 above. Observe that then by 6.2 we have
n—1
Tw) =Y alwe, j=1,....n-1,
k=1

and by taking the dot product of each side with w; we get (using Exercise 7.1(a) below)

0 0
ai(j) =wi - Tw)=w; Tw)= “f‘i) ’

©0)

so that a;; = a;.?). Thus, (al.(](.))) is an (n — 1) x (n — 1) symmetric matrix, and we can use the
inductive hypothesis to find an orthonormal basis ua, . . ., u, of R" 1 and corresponding A2, ..., Ay,
such that
AoyJ':)»jyj, j=2,...,n,
SO,Withyj = (ujl, ey ujn_l)T,
n—1
0 .
) Zalgi)”ji:)‘j”jk’ Jok=1,...,n—1.
i=1

We then let v; = Z;:ll ujjw; for j =2, ..., n and observe that by (2)

n—1 n—1 n—1 n—1
0)
Avj = ZujiAwi = ZujiT(l_Ui) = Z Ujity; Wk = Aj Zujkwk = Ajvj,
i=1 i=1 i,k=1 k=1
for j =2,...,n,s0 v; are eigenvectors of A for j =2, ..., n. Finally, observe that since by con-
struction va, ..., v, € V- and vy € V we have that vy, . .., v, are an orthonormal set of vectors in

R”, and hence (since orthonormal vectors are automatically Li. by Rem. 5.1 of the present Chapter)
Vi, ..., Uy are an orthonormal basis for R".
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SECTION 7 EXERCISES

7.1 Let T : R" — R" be a linear transformation with the property that the matrix of T' (i.e., the
matrix Q such that 7 (x) = Qx forall x € R") is symmetric. (i.e., Q = (g;;) with g;; = q;). Prove:
(@x-TQ) =y -T()foraly,yeR"

(b) If v is a nonzero vector such that T (v) = Av for some A € R, and if £ is the one-dimensional
subspace spanned by v, then T c et

7.2Let Abeann x n symmetric matrix. Prove thereisann x n orthogonal matrix Q (i.e., 0T Q = I)
such that QTAQ is a diagonal matrix.

Hint: The Spectral Theorem proved above says that there is an orthonormal basis vy, . . ., v, for R”
such that Av; = A;v; for each j (where A; € R for each j).
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CHAPTER 4

More Analysis in R"

1 CONTRACTION MAPPING PRINCIPLE

First we define the notion of contraction. Given a mapping f : E — R",where E C R", we say that
f is a contraction if there is a constant § € (0, 1) such that

11 Ifx) = fDI=0llx—vyll, Vx.yekE.

Theorem (Contraction Mapping Theorem.) Lez E be a closed subset of R" and f a contraction
mapping of E into E. (Thus, f(E) C E and f satisfies 1.1.) Then [ has a fixed point, i.e., there is a
z € E such that f(z) = z.

Remark: The proof we give below is constructive, i.e., not only will the proof show that there is a fixed
point z, but at the same time it actually gives a practical method for finding (or at least approximating
arbitrarily closely) such a point z.

Proof of the Contraction Mapping Theorem: We inductively construct a sequence {xx}r=0,1,2,...
of points of E as follows:

(i) Take xo € E arbitrary.
(ii) Assuming that k > 1 and that xo, ..., x4 are already chosen, define
Xe = fxp-1) .
Observe that then we have, using 1.1,
I Xk+1 = xicll = 1 f i) = Fxe—D I < Ollxe — xpe—1ll, k=1,
and by mathematical induction we have
lakr = xell < 0%flar = xoll. k=1,

and so if £ > k > 1 we have

-1 -1
lxe — xill = 12252 et — XD = 305 llxjn — x5l
—=1p,j —1pj
= Q=D llxr — xoll = ;2811 f (x0) — xoll -
On the other hand, Z?ik 67 is a convergent geometric series with first term 6% and common ratio

0, so it has sum 6% /(1 — 0), and hence the above inequality gives

() lxe = xill < (1 =60)"" [ f(xo) — xoll 6F, €>k=1.
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In particular, with k = 1 we have
Ixell = llxe —x1 4+ 210l < llxe —x1ll + lxill < A=) f(xo) — xoll + I £ (xo)l

forall € > 1,so the sequence {xx}x=12.... is bounded, and by the Bolzano-Weierstrass theorem there
is a convergent subsequence {xk;Yj=12,...- Since E is closed the limit lim; _, oo Xk; is a point of E.
Notice that we can also take £ = k; in (), giving

() ek, —xell < A=) f o) — xoll 6%, j > k=1,
and hence, letting z = lim . X;, and taking limits in (), we see that

lz —xxll < A= 0) ' f(xo) —x0ll 65, V=1,

so that, in fact (since ¥ — 0 as k — 00), the whole sequence x; (and not just the subsequence x4 i)
converges to z. Then by continuity of f at the point z we have lim f(xx) = f(z). But, on the other
hand, f(xx) = xk+1 so we must also have lim f(xx) = limxz4+1 = z. Thus, f(z) = z.

SECTION 1 EXERCISES
1.1 Show that the system of two nonlinear equations
x2—y24+4x—-1=0
x(3x7+y?) +4y+1=0

has a solution in the disk x> + y? < 1.

Hint: Define f(x, y) = (x + }T(xz —y?) — L y+ J—t(%xz +y)x + }T)T and show that F(x, y) =
(x, y)T — f(x, y) has a fixed point in the disk.

2 INVERSE FUNCTION THEOREM

We here prove the inverse function theorem, which guarantees that C! function f : U — R" is
locally C! invertible near points where the Jacobian matrix is nonsingular. More precisely:

Theorem (Inverse Function Theorem.) Suppose U C R" isopen, f : U — R" is C1, and xo € U is
such that Df (xo) is nonsingular (i.e., (Df(gco))_1 exists). Then there are open sets V, W containing x
and f(xo), respectively, such that f|V isa 1:1 map of V onto W with Clinverseg : W — V.

Proof: We first consider the special case when Df (xg) = I. (The general case follows directly by
applying this special case to the function f (x) = (Df(x0) "' f(x).)

Let ¢ € (0, 1]. Observe that since U is open and Df(x) is continuous and =17 at x =
Xxo we have a p >0 such that B,(xo) CU and [[Df(x)—1] <& < % for ||lx —xo| <
p, so, in particular, [[Df(@X)v[l = v +(Dfx) — Dol = vl = (Dfx) =Dyl = vl —
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I(Df @) = DIl = ) = 3llvll = llv | forany v € R" and hence the null space N (Df (x))
is trivial. Thus, the above choice of p ensures that (Df (x))~! exists for each x € B, (x0).

Next observe that with the same p > 0 as in the above paragraph we have, by the fundamental
theorem of calculus, Vx, y € B,(x0)

=N =@ = f@) = fy FFa+1y—x)dt, F@)=x—f@),
which by the Chain Rule gives
@=fQ)—&-—=fx) =f01(1 - Dfx+1(y—x)) -y —x)drt,

and hence

(1) ly—fQ) =& —=f)l=I fol(l —Df(x+1t(y —x)) - (y—x)dt]
< [y I =Df(x +1(y —x)) - (v — x| dt
< fol Il —Df(x+1t(y—x)Illly — x|l dt
<elly—x[l Vx,ye€ By(xo),

and hence

2) T=9)x=yI=lfX)—fWI=A+8e)lx—yll, VYx,y € By(xp).

We are going to prove the theorem with V = B, (xo). We first claim that if z is an arbitrary point
of the open ball B, (xo) andif o € (0, p — ||z — xo|) then

3 By /2(f(2)) C f(Bs(2)) C f(Bp(x0)) .

Notice that the second inclusion here is trivial because of the inclusion By (z) C B, (x0) which we
check as follows: x € B, (z) = [lx —xoll = llx —z+z — xoll < llx —zl + llz — xoll <0 + l|lz —
xoll < p because 0 < p — ||z — xol|. Thus, we have only to prove the first inclusion in (3). To
prove this we have to show that for each vector v € B, 2(f(2)) there is an x, € B, (z) with
f(xy) = v.We check this using the contraction mapping principle on the closed ball By (z): We
define F(x) = x — f(x) + v, and note that

Fx) =zl =1 = f&x) —G@— f@)+ v — f@I
<la—f@) - G- fEl+lv - f@l <50+ 30 =0,

forallx € By (z),s0 F maps the closed ball B, (2) into the corresponding open ball B, (z) and since
F(x)—F(y) = (x— f(x)) — (y — f(y)) we see by (1) that F is a contraction mapping of By (2)
into itself and so has a fixed point x € B, (z) by the contraction mapping principle. This fixed point
x actually lies in the open ball B, (z) because F' maps B, (2) into By (z);thusx — f(x) + v = x, or
in other words f(x) = v,with x € B,(2), so x is the required point x , € By (z), and indeed (3) is
proved. Notice that (3) in particular guarantees that the image f(B,(x0)) is an open set, which we
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call W. By (2), f is a 1:1 map of B, (x¢) onto this open set W. Let g : W — B, (x0) be the inverse
function and write x = g(u ),y = g(v) (u, v € W); then the first inequality in (2) can be written

2’ lg(u) — gl < —e) Mu —vl <2lu—-vl, u,veW,

which guarantees that the inverse function g is continuous on W. To prove the inverse is differen-
tiable at a given v € W, pick y € B,(x¢) such that f(y) = v,let A = Df(y). We claim that g is
differentiable at v with Dg(v) = (Df(y))~!.To see this let A = Df (y), and for given ¢ € (0, %)
pick 8 > 0 such that Bs(v) C W (which we can do since W is open), Bs(y) C B,(x0), and

“4) O<lx=yll<éd=1lfx)—fQ)—Ax—y <ellx—l,

which we can do since f is differentiable at y. Recall that we already checked that A~! (= (Df (y)) ")
exists for all y € B, (x0), and then

lg(u) —g(v) =A™ (u — v)| = A" (A(g(u) — g(v)) — (u — )|
=[A7 AKX —y) — (f@ — FO
©) <NIATF@) — F) — A — V)|
for every u € W, where x = g(u) (i.e., u = f(x)). But, since |lx —y|| = [lg(x) — g(w)| <
2|u — v || (by (2)’), we then have |u — v || <§8/2 = |lx — y|| <&, which by (4) implies the ex-

pression on the right of (5) is < e A~ |[lx — || = el A~ [llg(w) — g(w)|| < 2l A~ []ju — v]|.
That is, we have proved

lu — vl <8/2=llgu) —gv) — A~ (w — v)| < 26|A" [lIlu — v,

which proves that g is differentiable at v with Dg(v) = A~!, as claimed.

Finally, we have to check the continuity of the Jacobian matrix Dg(u ) for u € W;but f(g(u))) = u
for u € W, so by the chain rule we have Df (g(u))Dg(u) = I for every u € Wjie., Dg(u) =
(Df(g(u)))~", which is a continuous function of u because g is a continuous function of u € W
and Df is continuous on B, (x0), which in turn implies that (D f )~! is continuous on B, (x0). This
completes the proof of the inverse function theorem.

3 IMPLICIT FUNCTION THEOREM

The implicit function theorem considers C! mappings from an openset U in R” into R, withm < n.
It is convenient notationally to think of R” as the same as the product R"~" x R™, and accordingly,

points in R” should be written (E) where x € R"™ and y € R™ ; this is somewhat cumbersome

so we instead abbreviate it by writing [x, y] (with square brackets). Likewise, a function f on R"

should be written f (16), again too cumbersome, so we'll write f[x, y]. After a while you'll get
Y

comfortable with this, and start fudging notation by simply writing f (x, y) (with round brackets)
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instead of f[x, y]. Note that if f[x,y]is a C! function then we use the notation D, f[x, y] =
(afg{y]’ e, ag;[f_’i]) and Dy f[x, y] = (afglycl’y], e ‘)fa[fn’f’]), and so in this notation the Jacobian
matrix of f is (D flx, y1, Dy flx, y]).

Implicit Function Theorem. Lez U be an open subset of R", G : U — R™ a C 1 mapping withm < n,
let S ={[x,yl € U:Glx,yl =0}, andlet|a, bl be apoint in S such that the matrix DyG|x, y] (that’s
the m x m matrix with j-th column %}il] ) is nonsingular at the point |a, bl. Then there are open

sets VC R and W C R*™™ with [a,bl € V and a € W and a C! map h: W — R™ such that
SNV =graphh.

Note: As usual, graphh = {[x, y] : x € W and y = h(x)}, that is, {[x, h(x)] : x € W}.

Proof of the Implicit Function Theorem: The proof is rather easy: it is simply a clever application
of the inverse function theorem. We start by defining amap f : U — R” by simply taking f[x, y] =
[x, Glx, y]]. Of course this is a C! map because G is C!. Note that the mapping f leaves the first
n — m coordinates (i.e., the x coordinates) of each point [x, y] fixed. Also, by direct calculation the
Jacobian matrix Df[a, b] (which is n x n) has the block form

I(n—m)x(n—m) 0
and hence det Df[a, b] = det D,G[a, b] # 0 so the inverse function theorem implies that there are
open sets V, Q in R" with [a, b] € V, fla, b] = [a, Gla, b]] = [a,0] € Q such that f : V — Q

is 1:1 and onto and the inverse g : Q — V is C!. Since f[x, y] = [x, Glx, y]] (i.e., f fixes the first
n — m components x of the point [x, y] € R"), g must have the form

(1) glx,yl=1[x, H[x,y]], withHa C! function on Q .
Now we define W = {x e R"™™ : [x,0] € Q N (R"™ x {0})} (it is easy to check that W is then
open in R"™" because Q is open in R"), and let 2 (x) = H|[x, 0] with H as in (1), so that

glx,0] =[x, h(x)], x e W, where h(x) = H[x, 0] with H asin (1),

and then observe that [x, 0] = f(glx, 0]) = flx, h(x)] = [x, Glx, h(x)]; that is, G[x, h(x)] =0,
so we've shown that graph 2 C S N V. To check equality, we just have to check the reverse inclusion
SNV C graphh as follows:

[x,z2]€e SNV = Glx,z] =0= flx,z] =[x,0] =
[x,z] = g(flx,zD) = glx,0] =[x, h(x)],

so h(x) = z and [x, z] € graphh.

Finally, we give an alternative version of the implicit function theorem which we stated in Thm. 9.13
of Ch. 2 and which was used in the proof of the Lagrange multiplier Thm. 9.14 of Ch. 2.
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Corollary. Ifk € {1,...,n — 1}, if U CR" is open, if g1, ..., gn—k : U — Rare C', if S = {x €
U:gjx)=0foreach j=1,...,n—k}andif M # (), where

M={yeS:Vrgi(y),..., VRngn—x(y) are L1} ,
then M is a k-dimensional C! manifold.

Proof: Letm =n —k,leta € M andlet G = (g1, ..., gn)" : U — R”.The m rows of the m x n
matrix DG (a) are given to be Li., so DG (a) has rank m and we must we able find m 1i. columns
D; G(a), ..., D, G(a). Reordering the coordinates if necessary, we can suppose without loss of
generalitythat jj =n—m+ 1, p=n—m+2,..., ju =n(ie, i, ..., jmarethelastm integers
between 1 and n),and we can relabel the coordinates of points of R” as [x, y] withx € R*™", y € R™
and the point @ can be written also as [ag, bo] with ap € R"™™ and bp € R™. Then D,Glx, y] is
an m X m nonsingular matrix at the point [ao, bo], so the Implicit Function Theorem applies with
[ao, bo] in place of [a, b] and hence the Def. 9.2 of Ch. 2 is checked.
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APPENDIX A

Introductory Lectures on Real
Analysis

LECTURE 1: THE REAL NUMBERS

We assume without proof the usual properties of the integers: For example, that the integers are
closed under addition and subtraction, that the principle of mathematical induction holds for the
positive integers, and that 1 is the least positive integer.

We also assume the usual field and order properties for the real numbers R. Thus, we accept without
proof that the reals satisfy the fie/d axioms, as follows:

F1 a +b = b+ a, ab = ba (commutativity)
F2 a+ (b+c¢) = (a +b) + c,a(bc) = (ab)c (associativity)
F3 a(b + ¢) = ab + ac (distributive law)

F4 Jelements 0, 1 with O # 1 suchthatO04+a =aand1-a =a Va € R (additive and multiplica-
tive identities)

F5 Va € R, 3 an element —a such that a + (—a) = 0 (additive inverse)
F6 Va € R witha # 0,3 an element a~! such that aa~! = 1 (multiplicative inverse).

Terminology: a + (—b), ab™! are usually written a — b , 5» respectively. Notice that the latter
makes sense only for b # 0.

Notice that all the other standard algebraic properties of the reals follow from these. (See Exercise 1.1
below.)

We here also accept without proof that the reals satisfy the following order axioms:

01 For each a € R, exactly one of the possibilitiesa > 0, a = 0, —a > 0 holds.

02 a>0andb>0=ab>0anda+b>0.
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Terminology:a > bmeansa — b > 0,a > b means thateithera > bora = b,a < bmeansb > aq,
and a < b means b > a.

We claim that all the other standard properties of inequalities follow from these and from F1-F6.
(See Problem 1.2 below.)

Notice also that the above properties (i.e., F1-F6, O1, O2) all hold with the rational numbers
0= {g : p. q are integers, ¢ # 0} in place of R. F1-F6 also hold with the complex numbers C =
{x +iy:x,y € R} in place of R, but inequalities like ¢ > b make no sense for complex numbers.

In addition to F1-F6, O1, O2 there is one further key property of the real numbers. To discuss it
we need first to introduce some terminology.

Terminology: If S C R we say:

(1) S is bounded above if 3 a number K € R such thatx < K VYx € S.(Any such number K is called
an upper bound for S.)

(2) S is bounded below if 3 a number k € R such that x > k Vx € S. (Any such number £ is called

a lower bound for S.)

(3) S is bounded if it is both bounded above and bounded below. (This is equivalent to the fact that
3 a positive real number L such that [x| < L Vx € §.)

We can now introduce the final key property of the real numbers.

C. (“Completeness property of the reals”): If S C R is nonempty and bounded above, then S has
a least upper bound.

Notice that the terminology “least upper bound” used here means exactly what it says: a number o
is a least upper bound for a set § C R if

(1) x <aVx e Sie.,ais an upper bound), and

(i1) if B is any other upper bound for S, then o < B i.e., & is < any other upper bound for S).

Such aleast upper bound is unigue, because if a1, v are both least upper bounds for S, the property (ii)
implies that both a1 < o and ay < ay, so ap = «y. It therefore makes sense to speak of #he least
upper bound of S (also known as “the supremum” of S). The least upper bound of S will henceforth
be denoted sup S. Notice that property C guarantees sup S exiszs if S is nonempty and bounded
above.

Remark: If S is nonempty and bounded below, then it has a greatest lower bound (or “infimum”),
which we denote inf S. One can prove the existence of inf § (if S is bounded below and nonempty)

by using property C on the set —S = {—x : x € S}. (See Exercise 1.5 below.)

We should be careful to distinguish between the maximum element of a set S (if it exists) and the
supremum of S. Recall that we say a number « is the maximum of S (denoted max §) if
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)’ x <aVx €S (ie.,«is an upper bound for §), and

i) «aes.

These two properties say exactly that « is a upper bound for S and also one of the elements of S.
Thus, clearly a maximum « of S, if it exists, satisfies both (i), (ii) and hence must agree with sup S.
But keep in mind that max S may not exist, even if the set S is nonempty and bounded above: for

example, if § = (0, 1) (= {x e R: 0 < x < 1}), then sup S = 1, but max S does not exist, because
1¢S.

Notice that of course any finite nonempty set S C R has a maximum. One can formally prove this
by induction on the number of elements of the set S. (See Exercise 1.3 below.)

Using the above-mentioned properties of the integers and the reals it is now possible to give formal
rigorous proofs of all the other properties of the reals which are used, even the ones which seem self-
evident. For example, one can actually prove formally, using only the above properties, the fact that
the set of positive integers are not bounded above. (Otherwise there would be a least upper bound
« so, in particular, we would have n < « for each positive integer n and hence, in particular, n < «
hence n + 1 < « for each n, or in other words n < o — 1 for each positive integer n, contradicting
the fact that « is the least upper bound!) Thus, we have shown rigorously, using only the axioms
F1-F6, 01, 02, and C, that the positive integers are not bounded above. Thus,

. e . .11
V positive a € R, 3 a positive integer n with n > a (1.e., - < 7) .
n a

This is referred to as “The Archimedean Property” of the reals.

Similarly, using only the axioms F1-F6, O1,2, and C, we can give a formal proof of all the basic
properties of the real numbers—for example, in Problem 1.7 below you are asked to prove that square
roots of positive numbers do indeed exist.

Final notes on the Reals: (1) We have assumed without proof all properties F1-F6, 01,02 and C.In
a more advanced course we could, starting only with the positive integers, give a rigorous construction
of the real numbers, and prove all the properties F1-F6, 01, 02, and C. Furthermore, one can prove
(in a sense that can be made precise) that the real number system is the unigue field with all the
above properties.

(2) You can of course freely use all the standard rules for algebraic manipulation of equations and
inequalities involving the reals; normally you do not need to justify such things in terms of the axioms

F1-F6, O1, O2 unless you are specifically asked to do so.

LECTURE 1 PROBLEMS

1.1 Using only properties F1-F6, prove
1) a-0=0YaeR

(i) ab=0= eithera=00rb =0
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(i) ¢+ & =24t va b e deRwithb #0,d #0.

Note: In each case present your argument in steps, stating which of F1-F6 is used at each step.

Hint for (iii): First show the “cancellation law” that ’;‘ = % foranyx,y,z € Rwithy #0,z #0.

1.2 Using only properties F1-F6 and 01,02, (and the agreed terminology) prove the following:
1) a>0=>0> —aie,—a<0)

(i) a>0= % >0
(i) a>b>0=1<1

(iv) a>bandc > 0= ac > bc.

1.3 If S is a finite nonempty subset of R, prove that max S exists. (Hint: Let n be the number of
elements of S and try using induction on n.)

1.4 Given any number x € R, prove there is an integer n such thatn <x <n + 1.

Hint: Start by proving there is a least integer > x.

Note: 1.4 Establishes rigorously the fact that every real number x can be written in the form x =
integer plus a remainder, with the remainder € [0, 1). The integer is often referred to as the “integer
part of x.” We emphasize once again that such properties are completely standard properties of the
real numbers and can normally be used without comment; the point of the present exercise is to show
that it is indeed possible to rigorously prove such standard properties by using the basic properties
of the integers and the axioms F1-F6, 01,02, C.

1.5 Given a set S C R, —S denotes {—x : x € S}. Prove:

(i) S is bounded below if an only if —S is bounded above.

(i) If S is nonempty and bounded below, then inf S exists and = — sup(—3S).

(Hint: Show that = — sup (—S) has the necessary 2 properties which establish it to be the greatest
lower bound of §.)

1.6 If S C R is nonempty and bounded above, prove 3 a sequence ay, az, ... of points in S with
lima, = sup S.

Hint: Incasesup S ¢ S,leta = sup S, and for each integer j > 1 prove there is at least one element
aj € Switha > a; >a—%.

1.7 Prove that every positive real number has a positive square root. (That is, for any @ > 0, prove
there is a real number o > 0 such that o® = a.)

Hint: Begin by observing that S = {x € R: x > 0 and x? < a} is nonempty and bounded above,
and then argue that sup S is the required square root.
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LECTURE 2: SEQUENCES OF REAL NUMBERS AND THE
BOLZANO-WEIERSTRASS THEOREM

Letay, as, ... beasequence of real numbers; ay, is called the n-25 term of the sequence. We sometimes
use the abbreviation {a,} or {a,}n=12. ..
Technically, we should distinguish between zhe sequence {a,} and the set of terms of the sequence—i.e.,
the set S = {ay, az...}. These are noz the same: e.g., the sequence 1, 1, ... has infinitely many
terms each equal to 1, whereas the set S is just the set {1} containing one element.

Formally, a sequence is a mapping from the positive integers to the real numbers; the n term a,, of
the sequence is just the value of this mapping at the integer n. From this point of view—i.e., thinking
of a sequence as a mapping from the integers to the real numbers—a sequence has a graph consisting
of discrete points in R2, one point of the graph on each of the vertical lines x = n. Thus, for example,
the sequence 1, 1, ... (each term = 1) has graph consisting of the discrete points marked “®” in the
following figure:

N

Figure A.1: Graph of the trivial sequence {ay, },=1,... where a, = 1 Vn.

Terminology: Recall the following terminology. A sequence ay, az, ... is:

(i)  bounded above if 3 a real number K such thata, < K Vintegern > 1.
(i)  bounded below if 3 a real number k such that a, > k V integern > 1.

(iii) bounded if it is both bounded above and bounded below. (This is equivalent to the fact that 3
a real number L such that |a,| < L V integern > 1.)

(iv) increasing if an41 > a, Y integern > 1.
(v)  strictly increasing if a1 > a, V integern > 1.
(Vi) decreasing if an41 < a, V integern > 1.
(vii) strictly decreasing if apq1 < a, ¥ integer n > 1.

(vil) monotone if either the sequence is increasing or the sequence is decreasing.
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(ix) We say the sequence has /imit £ (€ a given real number) if for each & > 0 there is an integer
N > 1 such that

(%) la, —£| < & Vintegern > N 3
(x) In case the sequence {a,} has limit £ we write

lima, =for lim a,=4¢ ora, — £.
n—0oo

(xi) We say the sequence {a,} converges (or “is convergent”) if it has limit £ for some £ € R.

Theorem 2.1. If {a,} is monotone and bounded, then it is convergent. In fact, if S = {a1, ay ...} is the
set of terms of the sequence, we have the following:

(1) if{an} is increasing and bounded then lim a, = sup S.
(i1) if {an} is decreasing and bounded then lim a, = inf S.

Proof: See Exercise 2.2. (Exercise 2.2 proves part (i), but the proof of part (ii) is almost identical.)

Theorem 2.2. If {a,} is convergent, then it is bounded.

Proof: Let/ = lim a,,. Using the definition (ix) above with & = 1, we see that there exists an integer
N > 1 such that |a, —[| < 1 whenever n > N.Thus, using the triangle inequality, we have |a,| =
[(an — 1)+ 1] <lay, — 1| +1l| <1+l Vinteger n > N.Thus,

la,| < max{|ai|,...|an],|l| + 1} Vintegern > 1.

Theorem 2.3. If {a,}, {b,} are convergent sequences, then the sequences {a, + by}, {anb,} are also
convergent and

(1) lim(a, + b,) = lima, + limb,
(i1) lim(a,b,) = (ima,) - (limb,) .

In addition, if b, # 0 and lim b, # 0, then

(1i1) lim — =
Proof: We prove (ii); the remaining parts are left as an exercise. First, since {a, }, {b,} are convergent,
the previous theorem tells us that there are constants L, M > 0 such that

(%) |ay| < L and |by| < M V positive integer n .

3 Notice that (x) is equivalent to £ — & < a, < €+ ¢ Vintegersn > N.
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Now let [ = lima,, m = lim b, and note that by the triangle inequality and (%),

lanby — Im| = |ayb, — by + b, — Im|
= |(an — Dbn +1(by — m|
< lan = U|Dn| + |l||bn — m|
(%) <Mla, —1|+l||by —m|¥n>1.

On the other hand, for any given ¢ > 0 we use the definition of convergence, i.e., (ix) above) to
deduce that there exist integers Nj, No > 1 such that

an - l e ——— l]lthCI n > N
and e
b - T EE——— t > NZ .
| n ml < ( M | |) mn egerl’l

Thus, for each integer n > max{Nj, N2}, (%) implies
€
M + ||
. 2(}3+M—{—|l|) 2(1 4+ M + 1))

R

and the proof is complete because we have shown that the definition (ix) is satisfied for the sequence
anby with Im in place of [.

la,b, —Im| <

Remark: Notice that if we take {a,} to be the constant sequence —1, —1, ... (so that trivially
lima, = —1) in part (ii) above, we get

lim(—b,) = —limb, .
Hence, using part (i) with {—b,} in place of b, we conclude
lim(a, — b,) =lima, — limb, .
By similar argument (i), (ii), imply that
lim(aa, + Bb,) = alima, + Blimb, .
For any «, 8 € R (provided lim a,,, lim b, both exist).
The following definition of subsequence is important.

Definition: Given a sequence ai, a2, ..., We say dp,, dn,, . .. is a subsequence of {a,} if ni, na, ...
are integers with 1 < nj| < ny < n3 < ....(Note the strict inequalities.)

Thus, {b,}n=1,2,... is a subsequence of {a,},=1,2,... if and only if for each j > 1 both the following
hold:

(i)  bj is one of the terms of the sequence ay, ay, ..., and
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(ii) the real number b1 appears later than the real number b; in the sequence ay, az, . ..

Thus, {a,}n=12.... = a»,as, ag ... is a subsequence of {a,},=1.2. .. and 11 11 s a subse-
2, q 2, 2°3°%45

1 1 1 1 1 . 1
quence of {;},=12,..but 3, 5, 7, 5, ... is ot a subsequence of {}.

Theorem 2.4. (Bolzano-Weierstrass Theorem.) Any bounded sequence {ay,} has a convergent subse-
quence.

Proof: (“Method of bisection”) Since {a,} is bounded we can find upper and lower bounds, respec-
tively. Thus, 3 ¢ < d such that

(%) c<ar<dVintegerk > 1.

Now subdivide the interval [¢, d] into the two half intervals [c, #], (<4 4] By (%), at least one of
these (call it /1 say) has the property that there are infinitely many integers k with a; € I. Similarly,
we can divide I into two equal subintervals (each of length %), at least one of which (call it I»)
has the property that ax € I» for infinitely many integers k. Proceeding in this way we get a sequence
of intervals {,,},=12... with I, = [cp, d,] and with the properties that, for each integer n > 1,

d—
(1) length I, = d, — ¢, = y c

(2) [Cn+la dn+1] C len, dy] Cle, d]

(3) ay € [cn, dy] for infinitely many integers k > 1.

(Notice that (3) says ¢, < ax < d, for infinitely many integers k > 1.)
Using properties (1), (2), (3), we proceed to prove the existence of a convergent subsequence as
follows.

Select any integer k1 > 1 such that ag, € [c1, d1] (which we can do by (3)). Then select any integer
ky > ki with ag, € [c2, d2]. Such ky of course exists by (3). Continuing in this way we get integers
1 <ki <ky... suchthatay, € [cp, dy] for each integer n > 1. That is,

4 cp < ak, <d, Yintegern > 1.
On the other hand, by (1), (2) we have
(5) ¢ <cp <cpg1 <dyy1 <dy <dVintegern > 1.

Notice that (5), in particular, guarantees that {c, }, {d, } are bounded sequences which are, respectively,

increasing and decreasing, hence by Thm. 2.1 are convergent. On the other hand, (1) says d, — ¢, =
d—c
2n

(see Exercise 2.5 below) we see that {ak, }n=12.... also has limit £.

(— 0 as n — 00), hence limc, = limd, (= ¢ say). Then by (4) and the Sandwich Theorem

LECTURE 2 PROBLEMS

2.1  Use the Archimedean property of the reals (Lem. 1.1 of Lecture 1) to prove rigorously
that lim 1 = 0.
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2.2 Prove part (i) of Thm. 2.1.

Hint: Let « = sup S, and show first that for each ¢ > 0,3 an integer N > 1 such thatay > o — €.
2.3 Using the definition (ix) on p. 92 prove that a sequence {a,} cannot have more than one limit.

2.4 If{ay,}, {by} are given convergent sequences and a, < b, Yn > 1, prove lima, < limb,.

Hint: lim(a, — b,) = lima, — lim by, so it suffices to prove that lim ¢, < 0 whenever {c,} is con-
vergent with ¢, <0 Vn.

2.5 (“Sandwich Theorem.”) If {a,}, {b,} are given convergent sequences with lima, = lim b,
and if {c,} is any sequence such that a, < ¢, < b, Vn > 1, prove that {c,} is convergent and
lim ¢, = lima, (= limb,) (Hint: Let/ = lima,, = lim b, and use the definition (ix) on p. 92.)

2.6 If k is a fixed positive integer and if {a,} is any sequence such that ni,( <a,<n*Vn>1,

/n

prove that lim a,i = 1. (Hint: use 2.5 and the standard limit result that lim ni = 1.)
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LECTURE 3: CONTINUOUS FUNCTIONS

Here we shall mainly be interested in real valued functions for some closed interval [a, b]; thus
f :la, b] — R.(This is reasonable notation, since for each x € [a, b], f assigns a value f(x) € R.)

First we recall the definition of continuity of such a function.

Definition 1. f : [a, b] — R is said to be continuous at the point c € [a, ), if for each & > 0 there
isa é > 0 such that

x €la,blwith|x —c| <d=|f(x)— f(c)| <¢€.

Definition 2. We say f : [a, b] — R is continuous if f is continuous at each point ¢ € [a, b].

We want to prove the important theorem that such a continuous function attains both its maximum
and minimum values on [a, b]. We first make the terminology precise.

Terminology: If f : [a, b] — R, then:

(1) f is said to attain its maximum at a point ¢ € [a, b] if f(x) < f(c)Vx € [a, b];
(2) f is said to attain its minimum at a point ¢ € [a, b] if f(x) > f(c) Vx € [a, b].
We shall also need the following lemma, which is of independent importance.

Lemma3.1. Ifa, € [a, b]Vn > 1 and iflima, = c € [a, bl and if [ : a, b] — R is continuous at c,
then

lim f(ay) = f(c),

i.e., the sequence { f (an)}n=1,2... converges to f(c).
Proof: Let ¢ > 0. By Def. 1 above, 3 § > 0 such that

(%) |f(x) — f(c)| < e wheneverx € [a, blwith|x —c| <4 .

On the other hand, by the definition of lima, = ¢, with § in place of ¢ (i.e., we use the definition
(ix) on p. 92 of Lecture 2 with § in place of ¢ ) we can find an integer N > 1 such that

la, — c| < § whenevern > N .
Then, (since a,, € [a, b]Vn) (%) tells us that

|flan)—f(O)] <eVn=N.

Theorem 3.2. If f : [a, b] — R is continuous, then f is bounded and 3 points cy, c2, € [a, b] such
that [ attains its maximum at the point ¢\ and its minimum at the point co; that is, f(c) < f(x) <
f(c2)Vx € la,b].
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Proof: It is enough to prove that f bounded above and that there is a point ¢ € [a, b] such that
f attains its maximum at c1 , because we can get the rest of the theorem by applying this results to
—f.

To prove f is bounded above we argue by contradiction. If f is not bounded above, then for each
integer n > 1 we can find a point x,, € [a, b] such that f(x) > n. Since x, is a bounded sequence,
by the Bolzano-Weierstrass Theorem (Thm. 2.4 of Lecture 2) we can find a convergent subsequence

Xnys Xnys - - - Let ¢ = limxy,

Of course, since a < Xp; < bVj,wemust have ¢ € [a, b]. Also,since 1 <n; < ny < ... (and since
ni,ny ... are integers), we must have n 11 > n; + 1, hence by induction on j

(hH nj>j Vinteger j > 1.

Now since Xn; € la, b] and lim Xp; = ¢ € la, b]we have by Lem. 3.1 that lim F ) = f(c). Thus,
f(x”j)jzl,z,..‘ is convergent, hence bounded by Thm. 2.2. But by construction fQn)) =nj (=] by
(1)), hence f (x;) i—12. is not bounded, a contradiction. This completes the proof that f is bounded
above.

We now want to prove f attains its maximum value at some point ¢j € [a, b]. Let S = {f(x) : x €
[a, b]}. We just proved above that S is bounded above, hence (since it is non empty by definition)
S has a least upper bound which we denote by M. We claim that for each integer n > 1 there is a
point x, € [a, b] such that f(x,) > M — % Indeed, otherwise M—% would be an upper bound for
S, contradicting the fact that M was chosen to be the Jeasz upper bound. Again we can use the
Bolzano-Weierstrass Theorem to find a convergent subsequence xp,, Xp, ... and again (1) holds.
Let ¢ = limx,,. By Lem. 3.1 again we have

(2) fe) =lm f(xn)) .
However, by construction we have

M= fOn)>M——>M-L @y,
nj J

And hence by the Sandwich Theorem (Exercise 2.4 of Lecture 2) we have lim f(x,;) = M. By (2)
this gives f(c1) = M.But M is an upper bound for S = { f(x) : x € [a, b]}, hence we have f(x) <
f(c1)Yx € [a, b], as required.

An important consequence of the above theorem is the following.

Lemma (Rolle’s Theorem): If f : [a, b] — R is continuous, if f(a) = f(b) = 0 and if f is differ-
entiable at each point of (a, b), then there is a point ¢ € (a, b) with f'(c) = 0.

Proof: If f isidentically zero then f'(c) = 0 for every point ¢ € (a, b),so assume f is notidentically
zero. Without loss of generality we may assume f(x) > 0 for some x € (a, b) (otherwise this
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property holds with — f in place of f). Then max f* (which exists by Thm. 3.2) is positive and is
attained at some point ¢ € (a, b). We claim that f'(c) = 0. Indeed, f'(c) = lim,_, %:Z(C) =
SX)—f(©) S )= f(e)
+ xX—c xX—

— c

they are equal, hence they must both be zero.

limy ¢ =lim, . and the latter 2 limits are, respectively, < 0 and > 0. But

Corollary (Mean Value Theorem): If f : [a, b] — R is continuous and f is differentiable at each
point of (a, b), then there is some point ¢ € (a, b) with f'(c) = f(b%af(a)

Proof: Apply Rolle’s Theorem to the function f x)=fx)— f(a) — W (x —a).

LECTURE 3 PROBLEMS

3.1 Give an example of a bounded function f : [0, 1] — R such that f is continuous at each
point ¢ € [0, 1] except at ¢ = 0, and such that f attains neither a maximum nor a minimum value.

3.2 Prove carefully (using the definition of continuity on p. 96) that the function f : [—1, 1] - R
defined by

£00) +1 if O0<x<l
X) =
0if —1<x<0

is not continuous at x = 0. (Hint: Show the definition fails with, e.g., & = %)

3.3 Let f:[a, b] - R be continuous, and let | | : [a, b] — R be defined by | f|(x) = | f(x)].

Prove that | f] is continuous.

3.4 Suppose f :[a,b] = R and ¢ € [a, b] are given, and suppose that lim f(x,) = f(c) for
all sequences {x,},=12,.. C [a, b] with limx,, = c. Prove that f is continuous at c. (Hint: If not,
Je > Osuch that (%) on p. 96 fails for each § > 0;in particular,3 & > O such that (x) fails for § = % v
integern > 1.)

3.5 If f£:[0, 1] — Ris defined by

£00) 1 if x € [0, 1] is a rational number
X) =

0if x € [0, 1] is not rational .
Prove that f is continuous at no point of [0, 1].

Hint: Recall that any interval (¢, d) € R (with ¢ < d) contains both rational and irrational numbers.

3.6  Suppose f:(0,1) = R is defined by f(x) =0if x € (0, 1) is not a rational number, and
f(x)=1/qg if x € (0, 1) can be written in the form x = g with p, g positive integers without
common factors. Prove that f is continuous at each irrational value x € (0, 1).

Hint: First note that for a given ¢ > 0 there are at most finitely many positive integers g with 5 > e.
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3.7 Suppose f : [0, 1] = Ris continuous, and f(x) = O for each rational point x € [0, 1]. Prove
f(x) =0forall x € [0, 1].

3.8 If f: R — Ris continuous at each point of R, and if f(x +y) = f(x) + f(y)Vx,y € R,
prove 3 a constant a such that f(x) = ax Vx € R. Show by example that the result is false if we
drop the requirement that f be continuous.
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LECTURE 4: SERIES OF REAL NUMBERS

Consider the series
ag+a+---+a,+...

(usually written with summation notation as Y .- ; a,), where aj, az, . .. is a given sequence of real
numbers. a, is called the n-th term of the series. The sum of the first n terms is

n
Sn= )
k=1

sp 1s called the n-th partial sum of the series. If
Sp —> S

(ie.,iflims, = s) for some s € R, then we say the series converges, and has sum s. Also, in this case

00
= .
n=1

If 5, does not converge, then we say the series diverges.

we write

Example: If a € R is given, then the series 1 +a + a’+ ... (ie., the geometric series) has nth

partial sum
ifa=1
si=l+a+-4a =t 01
e ifa#1.

Using the fact that a” — 0 if |a| < 1, we thus see that the series converges and has sum ﬁ if
la] < 1, whereas the series diverges for |a| > 1. (Indeed {s,} is unbounded if |a| > 1 ora = 1, and
ifa=—1,{spln=12.. =1,0,1,0,....)

The following simple lemma is of key importance.

Lemma4.1. If ZZOZI ay converges, then lima, = 0.

Note: The converse is not true. For example, we check below that Y 07 ,—11 does not converge, but its
nth term is %, which does converge to zero.

Proof of Lemma 4.1: Let s = lim s,,. Then of course we also have s = lim s,41. But, 5,11 — s, =
(a1 +ax+ -+ ant1) — (a1 +ax + - - - a,) = ap+1, hence (see the remark following Thm. 2.3 of
Lecture 2) we have lima, 1| = lims, | —lims, =s —s = 0.1.e.,lima, = 0.

The following lemma is of theoretical and practical importance.

Lemma 4.2. If ZZOZI ay, ZZO=1 by both converge, and have sum s, t, respectively, and if o, B are
real numbers, then ZZOZI (aan + Bby) also converges and has sum os + Bt, i.e., Zzil (xan + Bby) =

aY o an + B e by ifbothy 02 an, Y ney by converge.
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Proof: Lets, = > }_, an,ta = Y ;_, br.Wearegivens, — sandt, — f,thenas, + Bt, — as +
Pt (see the remarks following Thm. 2.3 of Lecture 2). Butaes, + Bty = Y p_an + B> j_; b =
> ki (ax + Bbi), which is the nth partial sum of Yoo | (a, + Bby).

There is a very convenient criteria for checking convergence in case all the terms are nonnegative.
Indeed, in this case

Sppl —Sp =apy1 > 0Vn>1,
hence the sequence {s,} is increasing if a, > 0. Thus, by Thm. 2.1(i) of Lecture 2 we see that {s,}
converges if and only if it is bounded. That is, we have proved:

Lemma 4.3. If each term of y ., | ay is nonnegative (i.c., if ay > 0V n) then the series converges if and
only if the sequence of partial sums (i.e., {Sy}n=1,2,...) is bounded.

Example. Using the above criteria, we can discuss convergence of Y o2 | nip where p > 0 is given.
The nth partial sum in this case is
1
Sp=) —.
P
k=1 k
Since # is a decreasing function of x for x > 0, we have, for each integer k > 1,
1 1
< —<
xP

m_ V.XE[k,k+1]

1
kr

Integrating, this gives

1 k+1 1 k+11 k+11 1
[ T [T L L
k+ 1P k k+ 1P k xP k kP kP

so if we sum from k = 1 to n, we get

- 1 ntlog "1
Sarmc) we=lm
o kD P k=1
That is,

n+1 1
sn+1—l§/ —dx <s, Vn>1.
o x?
But
f"+1 L _{ login+1) ifp=1
1

xP % ifp£1.

Thus, we see that {s,,} is unbounded if p <1 and bounded for p > 1, hence from Lem. 4.2 we

conclude
o.¢]
1 converges p > 1
2

o diverges p=<1.
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Remark. The above method can be modified to discuss convergence of other series. See Exercise 4.6
below.

Theorem 4.4.If Y 7 | |a,| converges, then ) 72 | a, converges.
Terminology: If Y 7 | |a,| converges, then we say that > - | a, is absolutely convergent. Thus, with

this terminology, the above theorem just says “absolute convergence = convergence.”

Proof of Theorem 4.4: Let s, = Y [ _, ar, t = Y ;_; lax|. Then we are given ,, — ¢ for some
t eR.

For each integer n > 1, let

{ a, ifa, >0
Pn =

0 ifa, <0
] -an ifa, <0
™=V 0 ifa, >0,

andlets;” = Y}, pu, s, = > s qn- Notice that for each n > 1 we then have

+ -
an = Pn — G, sp=s, — S,
+ —
lan| = pn + qn, In=35, +5,,

and p,, g, > 0. Also,
0<st<t,<tandO<s, <t, <t.

Hence, we have shown that Y 02| pu, > 2| gn have bounded partial sums. Hence, by Lem. 4.3,
both Y07 | pn, D rei gn converge. But then (by Lem.4.2) Y07 | (pn — qn) converges,i.e., Y ve | an
converges.

Rearrangement of series: We want to show that the terms of an absolutely convergent series can
be rearranged in an arbitrary way without changing the sum. First we make the definition clear.

Definition: Let ji, jo, .. . be any sequence of positive integers in which every positive integer appears
once and only once (i.e., the mapping n — j, is a 1 : 1 mapping of the positive integers onto the
positive integers). Then the series Y - | a;, is said to be a rearrangement of the series Y .- | ay.

00
n=1

Theorem 4.5. If Y 02 | a, is absolutely convergent, then any rearrangement y
has the same sum as’y o | ap.

aj, converges, and

Proof: We give the proof when a, > 0 Vn (in which case “absolute convergence” just means “con-
vergence”). This extension to the general case is left as a exercise. (See Exercise 4.8 below.)

Hence, assume Y 2 | a, converges,and a, > 0 Vintegern > 1,andlet ) 7 | a;, be any rearrange-
ment. For eachn > 1, let

P(n) = max{ji, ..., ja} -
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So that
{j1,..., ju} C {1, ... P(n)} and hence (since a, > 0 Vk)
aj +aj+---+aj, <ar+---+apu =S,
where s = Y 7| a,. Thus, we have shown that the partial sums of ) - aj, are bounded above
by s, hence by Lem. 4.3, Z,OIOZI aj, converges, and has sum ¢ satisfying < s. But 22021 a, is a
rearrangement of Y >, a; (using the rearrangement given by the inverse mapping j, — n), and
hence by the same argument we also have s < ¢. Hence, s = t as required.

LECTURE 4 PROBLEMS
The first few problems give various criteria to test for absolute convergence (and also, in some cases,

for testing for divergence).

4.1 (i) (Comparison test.) If Zflozl an, 220:1 by, are given series and if |a,| < |b,| Yn > 1, prove
> 2| by absolutely convergent = Y °- | a, absolutely convergent.

(ii) Use this to discuss convergence of:
(@) 352, 55
sin(1)
(6) X5z, 2.

4.2 (Comparison test for divergence.) If Y 2 | an, Y oo by are given series with nonnegative
terms, and if @, > b, Vn > 1, prove Y o, b, diverges = Y - | a, diverges.

4.3 (1) (Ratio Test.) If a, # 0 Vn,if A € (0, 1) and if there is an integer N > 1 such that _|d|Z:lr|1| <
A ¥n > N, prove that >, a, is absolutely convergent. (Hint: First use induction to show that

lan] < AN Vn>N.)
(i1) (Ratio test for divergence.) If a, # 0 Vn and if 3 an integer N > 1 such that % >1Vn>N
then prove Y 7| a, diverges.

4.4 (Cauchyroottest.) (i) Suppose3A € (0, 1) and aninteger N > lsuchthatlanﬁ <AVn>N.

Prove that Y72 | a, converges.

(ii) Use the Cauchy root test to discuss convergence of Y - n%x". (Here x € R is given—consider

the possibilities [x| < 1, [x| > 1, |x| = 1.)

4.5 Supposea, >0Vn > 1and ZZOZI ay diverges. Prove

(i) net Ty diverges
- 00 a
(i1) donel e converges.

4.6 (IntegralTest.)If f : [1, c0) — Ris positive and continuous at each point of [1, 00), and if f is
decreasing,i.e.,x <y = f(y) < f(x), prove using a modification of the argument on pp. 100-102
that Y 07 | f(n) converges if and only if{fln f(x)dx}y=12. .. is bounded.

yaes
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4.7 Using the integral test (in Exercise 4.6 above) to discuss convergence of
: 0 1
(1) anz n Iogn

(i1) >, WIHV“’ where ¢ > 0 is a given constant.

4.8 Complete the proof of Thm. 4.5 (i.e., discuss the general case when ) |a, | converges). (Hint:
The theorem has already been established for series of nonnegative terms; use py,, g, asin Thm. 4.4.)
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LECTURE 5: POWER SERIES

A power series is a series of the form 2210 apx", where ag, aj, ... are given real numbers and x is
a real variable. Here we use the standard convention that x? = 1, so the first term agx? just means
ap.

Notice that for x = 0 the series trivially converges and its sum is ag.
The following lemma describes the key convergence property of such series.

Lemma 1. If the series Z _oanXx" converges for some value x = c, then the series converges absolutely
Jfor every x with |x| < |c|.

Proof: Z —oanc" converges = lima,c" = 0 = {a,c"},=1,2,.. is a bounded sequence. That is,
there is a fixed constant M > O such that |a,c"| < M Vn = O, 1,...,and so |x| < |c| =, for any
j=0,1,...,

. o oxd X , X
o1 = el | 55| < M55 = (Y <, - = By
c/ |c| |c]
and hence 1 " "
n—1 n— l —r
ala <M rl = < , n=1,2,....
i olajx’| 2j= M =1

Thus, the series Y o~ |a,x"| is convergent, because it has nonnegative terms and we've shown its
partial sums are bounded. This completes the proof.

We can now directly apply the above lemma to establish the following basic property of power series.

Theorem 5.1. For any given power series Z;’;O anx", exactly one of the following 3 possibilities holds:
(1) the series divergesN x # 0, or

(i1) the series converges absolutely¥ x € R, or

(iii) 3 p > O such that the series converges absolutelyN x with |x| < p, and diverges¥ x with |x| > p.
Terminology: If (iii) holds, the number p is called the radius of convergence and the interval (—p, p)

is called the interval of convergence. If (i) holds we say the radius of convergence is zero, and if (ii)
holds we say the radius of convergence =00.

Note: The theorem says nothing about what happens at x = £p in case (iii).

Proof of Theorem 5.1: Consider the set S C R defined by
S ={|x|: Y0l panx" converges} .

Notice that we always have 0 € S, so S is nonempty. If § = {0} then case (i) holds, so we can
assume S contains at least one ¢ with ¢ # 0. If S is not bounded then by Lem. 1 we have that
Y o2 o anx" is absolutely convergent (A.C.) on (—R, R) for each R > 0, and hence (i1) holds. If
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S # {0} is bounded then R = sup S exists and is positive. Now for any x € (—R, R) we havec € §
with |c| > |x| (otherwise |c| < |x| for each ¢ € § meaning that |x| would be an upper bound for
S smaller than R, contradicting R = sup S), and hence by Lem. 1 )" a,x" is A.C. So, in fact,
ZZOZ() a,x" 1s A.C. for each x € (—R, R). We must of course also have ZZO:O a,x" diverges for
each x with |x| > R because otherwise we would have xo with |xg| > Rand > o apx(, convergent,
hence |xg| € S, which contradicts the fact that R is an upper bound for S.

Suppose now that a given power series Y .o ,d,x" has radius of convergence p > 0 (we include
here the case p = 0o, which is to be interpreted to mean that the series converges absolutely for all
x € R).

A reasonable and natural question is whether or not we can also expand f(x) in terms of powers of
x —atorgivena € (—p, p).The following theorem shows that we can do this for |x — a| < p — |«|
(and for all x in case p = 00).

Theorem 5.2 (Change of Base-Point.) If f(x) = Y o2 anx" has radius of convergence p > 0 or
p = 00, and if || < p (and o arbitrary in case p = ), then we can also write

() fx) =20 obm(x —a)" Vx with|x —a| < p — || (x,a arbitrary if p = o) ,

where by, = zozm (::l)ana”_m (so, in particular, by = f(at)); part of the conclusion here is that the series

Jfor by, converges, and the series Zsf;obm (x — )™ converges for the stated values of X, .

Note: The series on the right in (%) is a power series in powers of x — &, hence the fact that it
converges for |x — o] < p — || means that it has radius of convergence (as a power series in powers
of x — &) > p — |a| (and radius of convergence = 00 in case p = 00). Thus, in particular, the series
on the right of (%) automatically converges absolutely for |x — a| < p — |«| by Lem. 1.

Proof of Theorem 5.2: We take any « with |o| < p and any x with |x —«| < p — || (@, x are
arbitrary if p = 00), and we look at the partial sum Sy = Zi\lzoa,,x”. Since the Binomial Theorem

tells us that X" = (@ + (x —a))" =Y 1 (Z)a"*m (x — a)™, we see that Sy can be written

n n —
Zrlz\;oanxn = Z;V:oansz(m)an x—a)™ .
Using the interchange of sums formula (see Problem 6.3 below)

N N N
Zn:OZrn;:Ocnm = Zm:OZn:mcnm ’

this then gives
m DIRTRLESD DY) o () T IEE
m

Now since (r’:l)l/n — 1 as n — oo for each fixed m, we see that for any ¢ > 0 we have N such that
(:r’l) < (1 +¢&)"foralln > N, hence |a, (Z)x”l < |an((1 4+ &)x)"| Vn > N and hence by the com-
parison test Y .- (:l)anx” also converges absolutely for all x € (—p, p) (because |x| < p = (1 +
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e)|x| < p forsuitable ¢ > 0).Thus, since |a| < p we have, in particular, that Z(Z)ana" is absolutely
convergent and we can substitute Y (M)ana ™ =302 (M)ane ™ = 30 i () ane ™

in (1) above, whence (1) gives
N n _\N e8] n—m oM
Zn:O‘lnx _Zm=0< n=m (m)ana )()C Ol)
o0 n n—m m
- z,iizo(zn:w( )ana )or =)

m

n

and

= o(Zwn

n

)ana"—m)u—a)m( < Too(ZZv (:1)|an| " — ")
=2 Nt (ZZ:O(;)WH "™ x — Otlm)
< i (Zheo ) anttar e — ")

EZ;?iN+1|an|(|a|+|x_a|)n, le|+|x—a|<p,

m

where we used the Binomial Theorem again in the last line. Now observe that we have

Yot vatlanl (el + 1x —a)" =302 lan|(la| + [x — a])"
— 3N anl(la] + x —a)" = 0as N — 0o,

so the above shows that limy_, o0 Zzzobm (x — o)™ exists (and is real), i.e., the series Y " by (x —

)™ converges for [x — &| < p — |et|, and that the sum of the series agrees with Y -~ ja,x", so the

proof of Thm. 5.2 is complete.

LECTURE 5 PROBLEMS

5.1 (i) Suppose the radius of convergence of ZS:O:O apx" is 1, and the radius of convergence of
Y2 o bux™ is 2. Prove that Y 2 ((a, + b,)x" has radius of convergence 1.

(Hint: Lemma 1 guarantees that {a,x"},=12,... is unbounded if |x| is greater than the radius of
convergence of Y 00y a,x™.)
(i1) If both Y 02y anx", Y = bnx" have radius of convergence = 1, show that

(a) The radius of convergence of Y oo (an + by)x™ is > 1, and

(b) For any given number R > 1 you can construct examples with radius of convergence of
Yy g bs P g
Y2 olan + by)x™ = R.

5.2 If 3 constants ¢, k > 0 such that ¢ 'n% < |a,| < enf Vn =1, 2, ... what can you say about
the radius of convergence of Y - anx”.
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LECTURE 6: TAYLOR SERIES REPRESENTATIONS

The change of base point theorem proved in Lecture 5 is actually quite strong; for example, it
makes it almost trivial to check that a power series is differentiable arbitrarily many times inside its
interval of convergence (i.e., a power series is “C*°” in its interval of convergence), and furthermore
all the derivatives can be correctly calculated simply by differentiating each term (i.e., “termwise”
differentiation is a valid method for computing the derivatives of a power series in its interval of
convergence). Specifically, we have:

Theorem 6.1. Suppose the power series Y po o anX" has radius of convergence p > 0 (or p = 00), and
let f(x) = ano anx" for |x| < p. Then all derivatives FM(x),m=1,2,..., existat every point X
with |x| < p, and, in fact,

fm@x) =32 nn—1)---(n—m+ Da,x"™, xe(—p,p),

which says precisely that the derivatives of [ can be correctly computed simply by differentiating the series

Zn Oanx termwise (bemusen(n — 1) - (n—m+ Da,x"7" is just the m™ derivative ofanx"); that
am

is, L5300 anx” o S anx" for |x| < p.

Proof: It is enough to check the stated result m = 1, because then the general result follows directly

by induction on m.

The proof for m =1 is an easy consequence of Thm. 5.2 (change of base-point theorem), which
tells us that we can write

(D) f) = f@ =20 bp(x — )" = (x — )by + (x — )Y o by (x — @)™}
for |x —a| < p — ||, where by, = Y _p2, (")a,a” ™. That is,

) Jfx) - f(;)_—abl(x —9 _ S0 bp(x —a)" 0 <|x—al <p— o

and the expression on the right is a convergent power series with radius of convergence at least
r = p — |a| > 0 and hence is A.C. if x — « is in the interval of convergence (—r, r). In particular,
itis A.C. when |x — a| = r/2 and hence (2) shows that

fx) — fo) - _
3) T b = Eohlbal bk — el < — @ 0 bl (/2)"
for 0 < |x —a| < r/2 (where r = p — |a| > 0). Since the right side in (3) — 0 as x — «, this
shows that f'(«) exists and is equal to b; = Zzozlnanot”_l

We now turn to the important question of which functions f can be expressed as a power series on
some interval. Since we have shown power series are differentiable to all orders in their interval of
convergence, a necessary condition is clearly that f is differentiable to all orders; however, this is 7oz
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sufficient; see Exercise 6.2 below. To get a reasonable sufficient condition, we need the following
theorem.

Theorem 6.2 (Taylor’s Theorem.) Supposer > 0, a € R and f is differentiable to order m + 1 on the
interval |x — | < r.ThenV x with |x — | < r, Ac¢ between o and x such that

f(")(a) n S ]
;. (x —a) +—(m—|—1)! (x —a)" .

Proof: Fix x with 0 < x —« < r (a similar argument holds in case —r < x —« < 0), and, for

f) =33

|t — a| < r,define

f(”)( ) i

) g) = f(t) -2, (t—a)' =Mt — )

where M (constant) is chosen so that g(x) = 0, i.e.,

by S0 % L@ (g

(x _ a)m+l
Notice that, by direct computation in (1),
2) g(”)(a) =0Vn=0,...,m
gty =) —Mm+ Dt —af <7,

In particular, since g(«) = g(x) = 0, the mean value theorem tells us that there is ¢; € (¢, x) such
that g’(c1) = 0. But then g'(«) = g’(c1) = 0, and hence again by the mean value theorem there is
a constant ¢; € (a, ¢) such that g"'(cp) = 0.

After (m + 1) such steps we deduce that there is a constant ¢, 41 € (o, x) such that g™t (cpiy) =
0. However, by (2), g™ +D(¢) = £+ () — M(m + 1)!, hence this gives

S D (eng)
 (m+ 1)

In view of our definition of M, this proves the theorem with ¢ = ¢ 41.

Theorem 6.2 gives us a satisfactory sufficient condition for writing f in terms of a power series.

Specifically we have:
Theorem 6.3. If f (x) is differentiable to all orders in |x — | < r, and if there is a constant C > O such
that
7w, :
(%) ‘ | <€ Vi =0, and ¥ x with|x —al <.
n!

(n) .
then Zoo [T (a) — )" conwverges, and has sum f(x), for every x with|x —o| <r.
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Note 1: Whether or not (x) holds, and whether or not ) - f (n)(a) (x — )" converges to f(x),we
call the series Zoo I[@ (n)(a) (x — )" the Taylor series of f about o.

Note 2: Even if the Taylor series converges in some interval x — & < r, it may fail to have sum f(x).
(See Exercise 6.2 below). Of course the above theorem tells us that it wi// have sum f(x) in case
the additional condition (%) holds.

(m+1) .
f(Tl)(!c) (x — a)™*! on the right

in Thm. 6.2 has absolute value < C(M)m—i_1 and hence Thm. 6.2, with m = N, ensures

Proof of Theorem 6.3: The condition (*) guarantees that the term

| fo) =0 f (x—a)”]SC(M)N+1—>OasN—>oo
r

if |x — a] < r. Hence,

(n)

Jim S ay =
whenever [x — a| < r,1e.,
(n)
Z;.zoof (a)( —a)'=f(x), |x—al<r.

LECTURE 6 PROBLEMS
6.1 Prove that the function f, defined by

e U ifx #0

TO=1, ifx=0,

is C™ on R and satisfies £ (0) =0V m > 0.

Note: This means the Taylor series of f(x) about 0 is zero; i.e., it is an example where the Taylor
series converges, but the sum is not f(x).

6.2 If f is as in 6.1, prove that there does not exist any interval (—¢, €) on which f is represented
by a power series; that is, there cannot be a power series Zflozoanx” such that f(x) = Zﬁioanx"
forall x € (—¢,¢).

6.3 Let by, be arbitrary real numbers 0 <n < N,0 < m < n. Prove

N N N
Zn:OanZOb”m = Zm:OZn mb"m .

- b ifm<
Hint: Define by = { nm=n
0 if n<m<N.
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6.4 Find the Taylor series about x = 0 of the following functions; in each case prove that the series
converges to the function in the indicated interval.

() o lxl<l (Hint:ﬁ =14+y+y2..., |yl <.
Gi) log(1+x), x| <1

(iii) ¢',xeR

(iv) ex2, x € R (Hint: set y = x?2).

6.5 (The analytic definition of the functions cos x, sin x, and the number 7.)

Letsin x,cos x be defined bysinx = Y 02 ((—1)" én_:l), ,cosx =y o2 (—=1)" % For convenience
of notation, write C(x) = cosx, S(x) = sin x. Prove:

(1) The series defining S(x), C(x) both have radius of convergence 00, and §'(x) = C(x), C'(x) =
—S(x) forall x € R.

(i) S2(x) + C2(x) = 1 for all x € R. Hint: Differentiate and use (i).

(iii) sin, cos (as defined above) are the unique functions S, C on R with the properties (a) S(0) =
0,CO)=1 and (b) S'(x) =C(x), C'(x) = —S(x) forall x € R. Hmt Thus, you have to show
that S = Sand C = C assuming that properties (a),(b) hold with S, Cin place of S, C, respectively;
show that Thm. 6.3 is applicable.

(iv) C(2) < 0 and hence there is a p € (0, 2) such that C(p) =0, S(p) = 1 and C(x) > O for all
x € [0, p).
Hint: C(x) can be written 1 — - —I— . - 1<

2 uras
@20 M)

(v) S, C are periodic on R with period 4 p. Hint: Start by defining C (x) =S+ p) and g(x) =
—C(x + p) and use the uniqueness result of (iii) above.

Note: The number 2p, i.e., twice the value of the first positive zero of cos x, is rather important, and
we have a special name for it—it usually denoted by 7. Calculation shows that w = 3.14159.. . ..
(vi) y (x) = (C(x), S(x)), x € [0,2x]isa C! curve, the mapping y|[0, 27) is a 1:1 map of [0, 27)
onto the unit circle S! of R2, and the arc-length S(¢) of the part of the curve y|[0, f] is ¢ for each
t € [0, 2rr]. (See Figure A.2.)

Remark: Thus, we can geometrically think of the angle between e and (C(¢), S(7)) as ¢ (that’s
radians, meaning the arc on the unit circle going from ej to P = (C(t), S(t)) (counterclockwise) has
length 7 as you are asked to prove in the above question) and we have the geometric interpretation
that C(¢) (= cost) and S(7)(= sint) are, respectively, the lengths of the adjacent and the opposite
sides of the right triangle with vertices at (0, 0), (0, C(¢)), (C(¢), S(¢)) and angle ¢ at the vertex
(0,0), at least if 0 < ¢ < p = 7. (Notice this is now a theorem concerning cost, sint as distinct
from a definition.)
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P =(cos t, sin 1)

/-Length of arc joining ¢, and P =1

e, =(1,0)

(0,0)

Figure A.2:

Note: Part of the conclusion of (vi) is that the length of the unit circle is 2. (Again, this becomes

a theorem; it is not a definition—r is defined to be 2p, where p, as in (iv), is the first positive zero
. 2
of the function cosx = Y o2 ;(—1)" (xz—r:;,)
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LECTURE 7: COMPLEX SERIES, PRODUCTS OF SERIES, AND
COMPLEX EXPONENTIAL SERIES

In Real Analysis Lecture 4 we discussed series Y - | a, where a, € R.One can analogously consider
complex series, i.e., the case when a,, € C. The definition of convergence is exactly the same as in

. . . th . . n X
the real case. That is we say the series converges if the n'" partial sum (i.e., }j_; a;) converges;
more precisely:

Definition: 22021 ay, converges if the sequence of partial sums {Z’}Zl aj}n=0,1,.. s a convergent
sequence in C; thatis, there is a complex number s = u + iv (u, v real) such thatlim,_, o Z?:l aj =
s.

Note: Of course here we are using the terminology that a sequence {2z, },=1,2,.. C C converges, with

limita = « + if, if the real sequence |z, — a| has limit zero, i.e.,lim, . |2, — a| = 0.In terms of
“e, N” this is the same as saying that for each ¢ > 0 there is N such that |z, — a| < ¢ foralln > N.
Writing z, in terms of its real and imaginary parts, z, = u, + iv,, then this is the same as saying
u, — a and v, — B, so applying this to the sequence of partial sums we see that the complex series
> o2 ap with a, = ay, + iB, is convergent if and only if both of the real series Y oo | otn, Y vey Ba
are convergent, and in this case Y oo an = Y v 0y +1i Y vy Ba

Most of the theorems we proved for real series carry over, with basically the same proofs, to
the complex case. For example, if Y 07 | @, Y ve.| by are convergent complex series then the se-
ries Y oo (an + by) is convergent and its sum (i.e., lim,_ oo Z;l'=1(aj +bj)) is just Y 2y an +
>z bn-

Also, again analogously to the real case, we say the complex series Y oo | a, is absolutely convergent
if Y02 lan| is convergent. We claim that just as in the real case absolute convergence implies
convergence.

Lemma 1. The complex series Y ey ay is convergent if y_po | |an| is convergent.

Proof: Let oy, B, denote the real and imaginary parts of a,, so that a, = a, + i, and |a,| =

Ve + B3 = max{lenl, |Bal}, so 30,2 lan| converges = 3 a fixed M > 0 such that 7_ la;| <
MV¥n=3"_ylajl <MV¥n= 37 oy is convergent, so > ay is absolutely conver-
gent, hence convergent. Similarly, Y7 B, is convergent. But Z?:l aj = Z?:l aj+i %?’: 1 Bj
and so lim,,— o0 Z?:l ay exists and equals lim,—, oo Z?:l o +ilim, oo Z;le Bji =Y neyan+

i Y 021 Bn, which completes the proof.

We next want to discuss the important process of multiplying two series: If Y 02y a, and > o2 by
are given complex series, we observe that the product of the partial sums, i.e., the product (Z,IEV:O ay) -
(2111\;0 by), is just the sum of all the elements in the rectangular array
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anbo anb anbs anby
an-1bo ay-1by ay—1by -+ -+ - an—1bn
azbg arby asby -+ -+ oo asby
aibo aiby ayby -+ -+ -+ ayby
aobo aoby N
N
(Z“n)(Z )=2( X an)
n=0 n= n=0 0<i,j<N,i+j=n

and observe that if i, j > 0 and i + j < N we automatically have i, j < N, and so with ¢, =
Y >0, i+j=n aibj (= Y_!_yaib,—;) we see that the right side of the above identity can be written

Ziv:o cn+ D 0<i j<N,i+j>n 4ibj, and so we have the identity

Ca)En) To- ¥ w

n=0 0<i,j<N,i+j>N

foreach N =0, 1, .. .. (Geometrically, Zf,v:o ¢y 1s the sum of the lower triangular elements of the
array, including the leading diagonal, and the term on the right of (x) is the sum of the remaining,
upper triangular, elements.) If the given series ) a,, ) b, are absolutely convergent, we show
below that the right side of () — 0 as N — 00, so that ZZOZO ¢, converges and has sum equal to

o an) (X peo bn). That is:

Lemma (Product Theorem.) If ) a, and ) b, are absolutely convergent complex series, then

Z Oan)(z —obn) = Zsio Cn, where ¢, = Z?:O aijby_; for each n =0,1,2,...; furthermore,
the series Y  cy is absolutely convergent.

Proof: By () we have

\(D)(D) >

‘ Z a,-b.,-| < Z |ai||bj|

=0 n=0 ij<N,i+j>N i j<N.i+j>N
= X bl Y el
i,j=N,i>N/2 i,j<N,j>N/2
=( 2 (e () (> )
i=[N/2]+1 j=0 i=0 j=IN/2]+1
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< (i:[g;m |ai|)(§ 1b,1) + (i |a,~|)(‘:[Ni;2]+1 1b,1)

— 0as N — o0,

where [N /2] = 1f N is even and [N /2] = == L if N is odd. Notice that in the last line we used
the fact that Zl =V /211 lail = 320 lail — Z[N/z lail| = 0 as N — oo because b deﬁnmon

N/2
Y2 lan] = limy oo > 1_glanl, and similarly, >3 1y o1y 161 = 302 161 — X b | —
because 32 o [bn| = limy 00 Y7_ ¢ 1Bal.

This completes the proof that Y 2, ¢, converges, and Y ooy ¢ = (O pogan) O neo bn)-

To prove that Y 7 |c,| converges, just note that for each n > 0 we have |¢,| = |Zi+j:n aib;
< ZH_]_" la;i||b;| = C, say, and the above argument, with |a; |, |b;| in place of a;, b}, respectively,
shows that )_° ; C,, converges, so by the comparison test Y - |c,| also converges.

We now define the complex exponential series.

Definition: The complex exponential function expz (also denoted e?) is defined by expz =

n

Yonzo
_0 n' .
Observe that this makes sense for all z because the series Y % is the real exponential series,

which we know is convergent on all of R, so that the series )2 ) Z; is absolutely convergent (hence
convergent by Lem. 1) for all z.

We can use the above product theorem to check the following facts, which explains why the notation

e* is sometimes used instead of exp z:

(1) (expa)(exp (b) = exp(a + b), a,beC,
(i1) expix =cosx +isinx, x¢€R.

The proof is left as an exercise (Exercises 7.1 and 7.2 below).

Notice that it follows from (i) that exp z is never zero (because by (i) (expz) (exp —z) = exp0 =
1£40VzeQ).

LECTURE 7 PROBLEMS
7.1 Use the product theorem to show that expa exp b = exp(a + b) foralla, b € C.

7.2 Justify the formula expix = cosx + i sinx for all x €R.

Note: cos, sin are defined by cos x = Y 7o, (—DF (2k), andsinx = ) po o (— l)k(zzlj:ll), for all real x.




116 APPENDIXA. INTRODUCTORY LECTURES ON REAL ANALYSIS

LECTURE 8: FOURIER SERIES

So far we have only considered vectors in R", but of course the concept of vector is really much
more general. Indeed, any collection of objects V which have a well defined operation of addition
and multiplication by real scalars such that following eight vector space axioms are satisfied, is called
a real vector space and the objects themselves are called veczors:

8.1 Vector Space Axioms for V':

We assume that for v, w € V and A € R there are well-defined operations “+” (addition) and “.”
(multiplication of vector by a scalar) to give v+ w € V and 1 - v € V (henceforth written just as
Av) and that the following properties hold:

HDv,weV=v+w=w+v
u,v,weV=@wt+v)+w=u+ (v+w)

(iii) 30 € V (called the “zero vector”) withv +0=v Vv € V
(iv)v € V= 3 anelement —v withv + (—v) =0

WA ueR, veV = A(uv) = Apv

Vi)r, ueR, veV = X+ uv=0v)+ (uv)
Vi)reR, v,weV =Av+w) =)+ (Aw)
vi)v eV = lv=n.

Note: In a general vector space we usually write v — w as an abbreviation for v + (—w).

There are many examples of such general real vector spaces: For example, the set C%la, b)) of
continuous functions f : [a, b] — R trivially satisfies the above axioms if addition and multiplication
by scalars are defined pointwise (i.e., f, g € C%a,b]) = f + g € C%a, b]) is defined by (f +
2)(x) = f(x) +gx)Vx € [a,b],and . € R and f € C%([a, b]) = Af is defined by (L f)(x) =
Af (x) for x € [a, b]). In this case, the zero vector is the zero function 0(x) = 0Vx € [a, b]. Most
of the definitions and theorems for the Euclidean space R” carry over with only notational changes
to general real vector spaces. For example, the linear dependence lemma holds in a general vector
space and the basis theorem applies in any subspace which is the span of finitely many vectors.

Suppose now that V is a real vector space equipped with a inner product (, ). Thus, (v, w) is real
valued and

@ (v,w)=(w,v) Yv,weV,
(i) (avi + Bvy, w) = afvy, w) + vy, w) Vv, v, w € Vanda, B € R, and
(iii) (v,v) >0 Vv e V with equality if and only if v = 0.

We define the norm of V, denoted || ||, by [[v]l = (v, v).
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Notice that then the inner product and the norm have properties very similar to the dot product and
norm of vectors in R” (indeed an important special case of inner product is the case V = R” and
(v, w) = v - w). In the general case, by properties (i), (ii), (iii), we have

(1) v —w|? = [[vI? + wl* - 2(v,w) Yv,weV,

and we can prove various other results which have analogues in the special case when V = R" and
(v, w) = v - w; for example, there is a Cauchy-Schwarz inequality (proved exactly as in R"):

(v, w)| < [v][ lw]l, v,weV.
Analogous to the R” case, a set vy, ..., vy of vectors in V is said to be orthonormal it
() (vi,vj) =68, Vi, jell,...,N}

where §;; denotes the “Kronecker delta,” defined by

1 ifi=j

0 ifi#j.
Given such an orthonormal set vy, ..., vy and given any other v € V, we define
3) = (v, ) .

Then by using (1) we get
v = 001 cnvall® = 1012 + 3001 St EnCm (Vs ) — 26 (v, va) -

And hence by (2), (3) we get

N 2 2 N o2
() v =2 =i cavnll™ = IIVI° = 221 €5
and hence in particular,
N
() Y=t cn < lvli?,

with equality if and only if v = ZN cnvp. (Notice that geometrically Zflvzl cpvp represents the

n=1
“orthogonal projection” of v onto the subspace spanned by vy, ... vy—see Exercise 8.1.)

Now in the case when V is not finite dimensional we can have an orthonormal sequence vy, vz . .. of
elements of V. In particular, the above discussion applies to vy, va, ..., vy for each integer N > 1,
and (k) tells us that the partial sums ny:l c% of the series > oo, c% are bounded above by lv]l2.

Hence, > oo | c2 converges (recall from Lecture 4 that a series of nonnegative terms converges if
and only if the partial sums are bounded) and

[e¢]

2 2

(2) e <vl*.
n=1
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(1) is called Bessel’s Inequality. Notice (by (x)) that equality holds in () if and only if limy o0 [[V —
SN ¢avall = 0. This ties in with the following definition.

Definition: The orthonormal sequence vy, va, ... is said to be complete if, for each v € V, we have
Imy oo [V — Z,Ilv:l cnnll = 0; here of course ¢, = (v, v,) as in (3) above. Notice that by (x)
completeness holds if and only if equality holds in () Vv € V.

Terminology: If limy_ o ||V — ZN cnUn |l = 0 then we say the series Y oo | cpv, converges to v

n=1
in the norm || || of V. Whether or not this convergence takes place, the series Y oo | ¢, vy is called zbe

Fourier series for v relative to the orthonormal sequence vy, v, . . ..

For the rest of this lecture we specialize to a concrete situation—Viz., Fourier series for piecewise
continuous functions. First we introduce some notations: for any given closed interval [a, b] C R,
Cp(la, b]) = the set of piecewise continuous functions on [a, b]. Thatis f € Cp([a, b]) means there
is a partition @ = xg < X1 < ... < xj = b of the interval [a, b] such that f is continuous at each
pointof (x;_1,x;), j =1,...,J,and such that

lim f(x), im f(x), lim f(x), lim f(x)allexist j=1,...,J —1.
xla x1tb xyx; xt

Xj

Ca([a, b]) denotes the subset of Cp([a, b]) functions f with the additional properties that

fl@) = fb) = %(li’“ f) + limm f)
and
flx)) = l(hm f(x) + lim f(x)) =171
J 2 Xyxj xPx; ’ T ’

One readily checks that if f, g € Cp([a, b]) and if «, B € R, then af + Bg € Cp([a, b]), so
Cp([a, b)) is a vector space which is a subspace of the space of all functions f : [a, b] — R. Likewise,
Ca([a, b]) is a vector space, which is a subspace of Cp([a, b]).

We now specialize further to the interval [—, 7] and we define an inner product on Cs([a, b]) by
(1) (f,8) =% /7, f(Ogx)dx,

so that || f]| = }T ffﬂ f2(x)dx. (The factor % is present purely for technical reasons.)

By direct computation, one checks that the sequence Lz,cosx, sinx, cos2x, sin2x,...,

cosnx, sinnx, ... is an orthonormal sequence relative to this inner product (Exercise 8.4.).

Definition: Given f € Co([—m, 7]), the trigonometric Fourier series of f is defined to be
the Fourier series of f relative to the orthonormal sequence \L@, cos x, sin x, cos 2x, sin 2x,
..., cosnx,sinnx, .... Thus, the trigonometric Fourier series of f can be written

C()\/LE + 302 (ay cosnx + by, sinnx),
where
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co =3 J7 50 dx,
ay =L [T cos(nx) f(x)dx, n=1,2,...
by =L [T sin(mx)f(x)dx, n=1,2,....

A much more convenient notation is achieved by setting ag = +/2¢y, in terms of which the above
trigonometric Fourier series is written

a ) i
S+ .= (ay cosnx + by sinnx),
where

ay =L [T cos(nx)f(x)dx, n=0,12,...
by =1 [ sin(nx)f(x)dx, n=1,2,....

Bessel’s inequality () says in this case (keeping in mind that ¢ = aZ/2) that
2
T+ @b = 2 [T R dx

and by the above general discussion we have equality if and only if the Fourier series is norm
convergent to f (i.e., if and only if the orthonormal sequence \L@, cos X, sin x, cos 2x, sin 2x, . . ., is

complete in the vector space V = Cy ([—m, 7]). We claim that this is in fact true; that is, we claim:

Theorem 8.2. Foreach f € Ca([—m, 7)), we have

lirnN_mo”f — (% + Ziv:l(an cosnx + b, sinnx)) H =0,
and 5
Fon@ e =77 =1 5 .
Proof: The proof is nontrivial, and we omit it. Nevertheless, in the next lecture we will give a

complete discussion (with proof) of pointwise convergence of the Fourier series to f. (For pointwise
convergence we will have to assume a stronger condition on f than that merely f € Ca([—7, 7]).)

LECTURE 8 PROBLEMS
8.1 With notation as on p. 117 prove that Y~_, ¢,v, really does represent “orthogonal pro-
jection” onto the subspace of V spanned by vy, ... vy; that is, prove (i) Zfl\/:l cpUy = v when

v € span{vy, ... vy}, and (ii) (v — Z,l:/:l CnUn, w) = 0 whenever w € spanf{vy, ... vy}
8.2 (1) With the same notation, prove that for any constants dj, ..., dy and any v € V
o = 30 dwvall> = 0I? = Y0 (d2 = 2cudy)  (cn = (v, 0)) -

(ii) Using (i) together with the inequality 2ab < a* + b* with equality if and only if @ = b, prove
that (with ¢, = (v, v,,))

N N
() o =31 davall® = lv = 32, cavall®
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with equality if and only if ¢, =d,Yn =1,..., N.

(Notice that geometrically (x) says that Z,Iyzl CyUp s the point in the subspace spanned by vy, ..., vy
which has least distance from v.)

831f f,g € Ca(la,b]) and @, B € R, prove af + Bg € Ca(la, D).

8.4 Prove that (, ) defined in () is an inner product on Cs ([—7, 7]), and check that the sequence
of functions %, cos x, sinx, cos 2x, sin 2x, . .. is an orthonormal sequence (as claimed in the above

lecture).

8.5 Compute the Fourier series for the following functions f € Cq([—m, 7]):

(1) fx)y=1x|, —-m<x=<nm
(11) f(_x) _ X, —_ T < X<
0, X = &

8.6 Assuming the result of Thm. 8.1 and using the Fourier series of 8.5(i), (ii), find the sums of the
series

. o0 1
© 22 Goe

() Xl



LECTURE 9. POINTWISE CONVERGENCE OF TRIGONOMETRIC FOURIER SERIES 121

LECTURE 9: POINTWISE CONVERGENCE OF
TRIGONOMETRIC FOURIER SERIES

In the previous lecture we defined C4([a, b]) to be the space of functions f : [a, b] — R which are
piecewise continuous (i.e., in Cp([a, b])) and which satisfy the additional conditions

1
fla)= f(b) = E(f(a+) + f(b—))
and
1
(%) fy) = z(f()’+) + f()’—))

ateach point y € (a, b). Here and subsequently we use the notation f(y4) = limy, f(x), f(y-) =
limy4, f(x); notice that of course we automatically have f(yy) = f(y-) = f(y) at any point y
where f is continuous, so () really only imposes a restriction on f at the finitely many points where
f is not continuous.

Now take f € Ca([—m, ]).Since f(—m) = f (), we can extend f to give a function f:R—=R
by defining

fx42kn) = f(x),x € [-m, ], k=0,%1,£2,....
This extended function is 27 -periodic. (A function g : R — Ris said to be p-periodicif g(x + p) =
g(x) V¥ x € R—evidently f has this property with p = 27 by definition.) Henceforth we shall drop
the “bar” in f; that is f will denote both the given function in Ca([—m, 7]) and its 27 -periodic

extension as defined above. Of course the 27 -periodic extension is piecewise continuous on all of R
and satisfies () at each point y € R.

An important fact about periodic functions (which we shall need below) is the following.

Lemma9.1. If g : R — R is piecewise continuous and p-periodic for some p > 0, then

[P faydx = [ f(x)dx YaeR.

a

Proof:

Jo g dx = fo 8+ prdx (since g(x) = g(x + p))
=/, g (by change of variablet = x + p) ,

SO

[P gyde = [ gty dt — [ g() dt
= [ gy dr + [T gty dt — [ g(t)dt
= S g(n)dt .
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We now prove the main result about pointwise convergence of trigonometric Fourier series: Notice
that in the statement of the following theorem we use the 27 -periodic extension of f as described
above in order to make sense of the quantities f(x4) if x = and f(x_) if x = —m, and also to
make sense of the one-sided derivatives when x = £7.

Theorem 9.2. Suppose f € Ca([—m, 7)) and let x € [—n, 7] be such that the one-sided derivatives

L f+h) = fxo) L fe+h) = f(xg)
(%) lim , lim ;
110 h ) h

both exist. Then the Fourier series %0 + ZZO: 1(an cosnx + by, sinnx) converges to f(x).

Important Notes: (1) Of course the limits in * exist automatically (and are equal) if f is differentiable
at x.

(2) Here the coefficients are as described in Lecture 8, 1.e.,

a, = 1 ffﬂ f(t)cosntdt, n >0,

-7

® b, = %ffﬂ f@)sinntdt,n>1.

Recall also that Bessel’s inequality tells us that

2
LAY @b <L [T fAndr .

(As a matter of fact, Thm. 8.1 tells us that equality holds here, but we will not need this fact in the
present discussion.)

A key step in the proof of Thm. 9.2 is the following lemma, which gives an alternative expression
for the partial sum % + SN (an cosnx + by sinnx).

Lemma9.3. If Sy (x) = %0 + Z;V:l (ay cosnx + by, sinnx) with a,, by as above, then for N > 1,

Sn(x) — f(x) = f?n(f(x — 1) = fa))DN@ dt + [ (f(x —1) — f(x2))Dy (1) dt
where
Dy(1) = L5 + Y0 cosnr) .
Proof: Using (1) we have

Sy (x) = %ffn f(t){% + Zyllv:](COS nt cosnx + sinnt sinnx)} dt,
=1 /T fOG+ SN cos(n(x — 1)} dt
= [T f(®)Dy(x —1))dt,  (by definition of Dy)
= f;—tf f(x —s)Dn(s)ds, (bychange of variable t — x — )
= [*7 f(x =)Dy () dt1,
— /7, f(x =Dy dt,  (by Lem.9.1)

) = [° fx—nDy@dt+ [J f(x—1)Dy(1)dt,
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where in the second line we used the identity cos(A — B) = cos A cos B + sin A sin B.

Now evidently fi)ﬂ Dy(@)dt = f(;r Dy()dt = %, and since f € Cao([—m, w]), we have f(x) =
M)+ f(o)). Hence, [° fx—0Dy@dt = [0 (f(x —1) — f(x1))Dn () dt +
TfGep),and [ f(x =)Dy dt = [ f(x — 1) — f(x2))Dn(t) dt + 3 f(x2), s0 (1) yields

Sy(x) — fx) = f?n(f(x —10) = fx)Dy@) dt + [ (f(x —1) — fF(x_))Dy (1) dt
as required.

Before proceeding to the proof of Thm. 9.2 we notice that we have the following alternative expres-
sions for Dy (1):

sin(N + )t

D =
() w () 27 sin(%t) '

—nr <t<m t#0.

To see this,note that w D (1) = % + Zfl\’:l cosnt = % Zﬁl:fzv it (byvirtue of the formula cos x —
% (¥ 4 ™), so that by multiplying by e*'/2
we have

and taking the difference of the resulting expressions,
NDN(I)(e“/z _ e—it/Z) _ %(ei(N-i-%)t _ e—i(N-i—%)t) ’

and so, using sinx = 2%.(6”“ — e '), we obtain

msin 3t Dy(t) = 4 sin(N + )t ,

or, in other words,

sin(N + )t .

Dy(t) = if —m<t<mt#0.

27 sin %t
We shall also need the following inequality for Dy (¢):

27
(k) [t Dy ()] < 1, |7] € (O, ?) .

Indeed, this is an easy consequence of (x), because | sin(%)| > % for |t| < 2?” (see Exercise 9.1), and

hence by (%)
| sin(N + 1)t It]

4
tHIDn ()| = . <
1Dy ()] 27 |sin(£)] = 27

. 1 2
sin(N + E)t‘ < torlrl = 5.
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Proof of Theorem 9.2: Choose an arbitrary § € 0, 27”), and note that by Lem. 9.3 and (*) (and
using the identity sin(N + %)t = sin Nt cos %t + cos Nt sin %t) we can write

(1) 27Sn(x) — fx) =
2 =1 = fxp)) cos Nicot b dr [2(f(x — 1) — f(x4)) sin Nt dr
+ [ (f(x —1) = f(x=))cos Nt cot 5 dt + [ (f(x — 1) — f(x_))sin Nt dt
+2m [O(f e — 1) — Fae) D@ dt + 27 [L(f(x —1) — f(x_))Dy (1) di .

Now notice that the first 2 integrals on the right are just the Fourier coefficients of cos Nx and
sin Nx in the Fourier series of

g1(t) = %(f(X—l)—f(x_,_)cot%, —T<t<-—6
0 —S<t<m
and 1
_ s(fx—1)— flxy) —m<t<-—6
&2(1) = 0 eton

respectively, and hence, since g1 (1), g2(¢) are piecewise continuous on [—7, 7], these first 2 integrals
converge to zero (by Bessel’s inequality) as N — oo for each fixed § € (0, 2X). Similarly, the 3rd
and 4th integrals converge to zero as N — oo for each fixed § € (0, 2). On the other hand, using
the hypotheses (%) of Thm. 9.2 we have that there is a fixed constant C and a constant §; > 0 such
that

[fx—1) = fep)| =Cltl, =81 <1 <0

and

[fx—0) = fx)l=Clt], 0<t<dy.

Hence, the final two integrals on the right in the expression above can be estimated as follows if
s < 61:
|25 —1) = F) Dy @) di| + | [y (f(x — 1) — f(x2))Dy(1) dr]
< [5G =0 = fFapIDy @) di + [ 1(fx — 1) — fx)|[Dy ()] dt
< C(J2 111D @Ol de + f3 111Dy ()] dr) <2C5 by () above.

Thus, we can finish the proof as follows. Let ¢ > 0 be given. Choose § € (0, 27y such that § < §;
and2C$ < 5 (i.e.,8 < 55). Then wirh this choice of § fixed, the first 4 integrals on the right of identity
() converge to zero as N — 00, hence there is a constant N1 > 1 such that the absolute value of
each of the first 4 integrals is < % forall N > Nj.That is,

[f(x) =Syx)| <4 x g+ 5 =eforall N > Ny.
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LECTURE 9 PROBLEMS

9.1 Prove |sint| > % for [t] < %.

(Hint: Since |sint|, |¢] are even functions, it is enough to check the inequality for ¢ € [0, Z]. Use
the mean value theorem on the function sint — %)

9.2 Use the Fourier series of the function in Problem 8.4 (i) of Lecture 8, together with the pointwise
o] 1

convergence result of Thm. 9.2 to find the sum of the series ) -, G

9.3 Calculate the Fourier series for the function f(x) = x2

series converges to f (x) foreach x € [—m, 7]. (Use any general theorem from the text that you need.)
Hence, check the identity

, —m < x < 7 and prove that the Fourier

3 1 _z
n=1,2 — 6

(independently of the result of Thm. 8.1).

9.4 By using a change of scale x — 7= and the theory of trigonometric Fourier series for functions in

Ca([—m, m]), give a general discussion of trigonometric Fourier series of functions in Ca ([—L, L]).
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Index

absolute convergence, 103
absolutely convergent, 102
absolutely, converges, 105
addition and multiplication by scalars, closed
under, 5

addition, definition of, 1
affine space, 27, 28
algebra, linear, 1, 61
analysis

in R”, 31

in R” more, 81

introductory lectures on real, 87
angle between two nonzero vectors, 4
angle between vectors in R", 3
approximation, polygonal, 49
Archimedean property, 89
arrow, 2
attain its maximum, 96
attain its minimum, 96
augmented matrix, 28
axioms

field, 87

order, 87

vector space, 116

basis, 11

orthonormal, 73

theorem, 11

vectors, 12

vectors for R”, standard, 2
Bessel’s inequality, 118
binomial theorem, 107

bisection, method of, 94
Bolzano-Weierstrass, 33
Bolzano-Weierstrass theorem, 33, 82, 94
bound
least upper, 88
lower, 88
upper, 88
bounded, 88, 91
above, 88, 91
below, 88, 91
sequence, 94

cancellation law, 90
Cauchy root test, 103
Cauchy-Schwarz inequality, 4, 5, 117
chain rule, 41
chain rule theorem, 41
change of base-point theorem, 106
closed sets in Euclidean space, 31
closed under addition and multiplication by
scalars, 5

column

pivot, 23, 26

rank of a matrix, 16

space, 15, 16
combination, linear, 6
comparison test for divergence, 103
complements, orthogonal, 18
completeness property, 88
completion of the square, 3
complex exponential series, 113
complex series, 113
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component of the vector, 1
component sequences, 33
computation of determinants, 67
computing the inverse, 72
construction of the real numbers, 89
continuity definition, 96
continuity of the Jacobian matrix, 84
continuous

at the point, 96

functions, 96

functions, piecewise, 118
contraction mapping principle, 81
convergence

interval of, 105

pointwise, 119

radius of, 105
convergent, absolutely, 102
convergent, sequences, 92
converges, 102

absolutely, 105

sequences, 92

Taylor series, 110
cosines, law of, 5
curves in R”, 48

De Morgan Laws, 32
decreasing, 91
decreasing; strictly, 91
definition
complex exponential series, 115
continuity, 96
dot product, 3
local maximum, 44
local minimum, 45
of addition, 1
of differentiability, 35
of matrices, 13
of open and closed sets, 31
of span, 6

of subsequence, 93
of the angle between vectors, 4
orthogonal complement, 18
derivatives
directional, 37
higher-order partial, 42
matrix, 36
one-sided, 48, 122
partial, 37
test, second, 44
determinants, 64
determinants, efficient computation of, 67
difference, second, 43
differentiability definition, 35
differentiability in R, 35
dimension of subspace, 12, 16
direct sum, 19
directed line segment, 2
directional derivatives, partial derivatives,
gradient, 37
divergence, 103
comparison test for, 103
ratio test for, 103
dot product
and angle between vectors in R”, 3
definition, 3
properties, 3

echelon form of a matrix, 22, 23
efficient computation of determinants, 67
eigenvalues
and the spectral theorem, 76
of the matrix, 76
properties, 76
eigenvector, 77
elementary operations, 6
elimination, Gaussian, 7, 22
equations, linear systems of, 7
Euclidean space, 14



definitions and theorems for, 116
open and closed sets in, 31
real, 1

extrema of a multivariable function, 44

field axioms, 87
finite length, 49
Fourier series, 116, 118
Fourier series, pointwise convergence of
trigonometric, 121
function
continuous, 96
extrema of a multivariable, 44
multivariable, 44
piecewise continuous, 118
second derivative test for, 46

Gaussian elimination, 7, 22

Gaussian elimination and the linear
dependence lemma, 7

gradient, 37

gradient, tangential, 53, 57

Gram-Schmidt orthogonalization, 74, 75

graph map, 53

higher-order partial derivatives, 42
homogeneous system, 8

identity matrix, 66
implicit function theorem, 84, 85
increasing, strictly, 91
indefinite, 48
index of a permutation, 62
inequality
Bessel’s, 118
Cauchy-Schwarz, 4, 5, 117
triangle, 4, 40
infimum, 88
inhomogeneous systems, 27
inner product, 116

INDEX 129

integral test, 103
interval of convergence, 105

mnverse

computing the, 72
function theorem, 82
matrix, 69

of a square matrix, 69

inversions, number of, 62

Jacobian matrix, 36
Jj-th standard basis vector, 12

Lagrange multiplier theorem, 59

law

cancellation, 90
De Morgan, 32
of cosines, 5
parallelogram, 5
triangle, 2

least upper bound, 88, 97
length finite, 49
length of a matrix, 14

limit point of a set, 31
limits and continuity in R", 33

line segment, directed, 2

line vectors, 1, 2

linear

combination, 6

combination, nontrivial, 6

dependence
lemma, 10
lemma, Gaussian elimination and the, 7
of vectors, subspaces, 5

subspace, 5

systems of equations, 7

transformations, 15, 78

transformations, matrix representations of,

75

linearly dependent vectors, 6
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linearly independent vectors, 11
local maximum, 44, 59

local minimum, 45, 59

lower bound, 88

matrices, 13
matrix
augmented, 28
column rank of a, 16
component-wise, 14
continuity of the Jacobian, 84
derivative, 36
eigenvalues of the, 76
identity, 66
inverse, 69
inverse of a square, 69
Jacobian, 36
length of a, 14
norm of a, 14
nullity of a, 16
orthogonal, 75
product, 13
rank, 16
real, 13
reduced row echelon form, 23
representations of linear transformations,
75
row echelon form of a, 22
row rank of a, 16
symmetric, 20
mean value theorem, 39, 98
method of bisection, 94
monotone, 91
multiplying two series, 113
multivariable function, 44

negative definite quadratic form, 45
nontrivial linear combination, 6
nontrivial subspace, 18

norm of a matrix, 14
null space, 16
nullity of a matrix, 16

one-sided derivatives, 48, 122
open and closed sets in Euclidean space, 31
operations, elementary, 6
operations with vectors, 1
order axioms, 87
orthogonal
complements and orthogonal projection,
18
matrix, 75
projection, 119
orthogonal complements and, 18
unique, 19
vectors, 4
orthogonalization, Gram-Schmidt, 74, 75
orthonormal
basis, 73
rows, 75
set of vectors, 73

vectors, 73, 78,117

parallelogram law, 5
parity of the permutation, 62
partial derivatives
gradient, directional derivatives, 37
higher-order, 42
second order, 42
partition, 49
permutation, 61
even, 62
index of a, 62
odd, 62
parity of the, 62
piecewise continuous functions, 118
pivot columns, 23, 26
pointwise convergence, 119



pointwise convergence of trigonometric
Fourier series, 121

polygonal approximation, 49
positive definite quadratic form, 45
power series, 105
product

dot, 3

inner, 116

matrix, 13

of series, 113

properties of dot, 3

theorem, 114
projection, orthogonal, 19
Pythagoras’ theorem, 2

quadratic form, 45

radius of convergence, 105
rank
and the rank-nullity theorem, 15
column, 16
nullity theorem, 16
nullity theorem, rank and the, 15
of a matrix, 16
ratio test, 103
ratio test for divergence, 103
rational numbers, 88
rearrangement of series, 102
reduced row echelon form, 23
representations of linear transformations,
matrix, 75
representations, Taylor series, 108

Rolle’s theorem, 97

Sandwich theorem, 35, 95
second derivative test, 44
second difference, 43
segment, directed line, 2
sequences

bounded, 94
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component, 33
convergent, 92
of real numbers and the
Bolzano-Weierstrass theorem, 91
of transpositions, 62
real, 33
series
complex, 113
complex exponential, 113
converges, 100, 113
absolutely, 105
Taylor, 110
definition of complex exponential, 115
Fourier, 116, 118
multiplying two, 113
of real numbers, 100
pointwise convergence of trigonometric
Fourier, 121
power, 105
products of, 113
rearrangement of, 102
representations, Taylor, 108
trivially converges, 105
solution
of the system, 7
set of the system, 7
vector, 7
span definition, 6
spectral theorem, 77
spectral theorem, eigenvalues and the, 76
square matrix, inverse of a, 69
standard basis vectors for R”, 2
strictly decreasing, 91
strictly increasing, 91
submanifolds of R" and tangential gradients,
53
subsequence definition, 93

subspace
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dimension, 16 Taylor’s, 109
dimension of a, 12 transformation, 61
linear, 5 linear, 15, 78
linear dependence of vectors, 5 matrix representations of linear, 75
nontrivial, 18 transposition, 61, 62
trivial, 5 triangle
sum, direct, 19 identity, 2
symmetric matrix, 20 inequality, 4, 40
law, 2
tangent vector, unit, 48 trivial subspace, 5
tangential gradient, 57
Taylor series representations, 108 under-determined system, 9
Taylor theorem, 109 unit tangent vector, 48
theorem upper bound, 88
basis, 11 upper bound, least, 88

binomial, 107
Bolzano-Weierstrass, 33, 82, 94
chain rule, 41

vectors, 1
angle between, 3
basis, 12
components of the, 1
definition of the angle between, 4

change of base-point, 106
contraction mapping, 81

eigenvalues and the spectral, 76 R
?mphmt func.t1on, 84,85 Jj-th standard basis, 12
inverse function, 82 .

line, 1, 2

Lagrange multiplier, 59 linearly dependent, 6

mean value, 39{ 98 linearly independent, 11
orthogonal projection, 20

norm, 14
product, 114

orthogonal, 4

Pythagoras’, 2 orthonormal, 73, 78, 117
rank and the rank-nullity, 15

rank/nullity, 16
Rolle’s, 97
Sandwich, 35, 95

second derivative test, 46

orthonormal set of, 73
unit tangent, 48
velocity, 48

zero, 5

zero column, 68
sequences of real numbers and the velocity vector, 48
Bolzano-Weierstrass, 91

spectral, 77 X, length of, 2
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